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ABSTRACT 


We study the description of the motion of 
relativistic: particles in both time dependent,and 
time independent potentials. The differential 
equations of motion considered are the standard 
linear spin zero and one half equations. They are 
always meaningful in the sense that, at all times, 
unique well defined operator valued distributions in 
the three space variables are determined. 

We discuss the problem of determining which 
set of creation and annihilation operators, among 
the infinite possible number. of such sets, is rele- 
vant in a given problem. We examine the implemen- 
tation of certain simple requirements which seem to 
be obviously necessary in order for the mathematical 
formalism to be able to describe satisfactorily a 
physical system. (The present study can thus be 
considered as being done from a point of view somewhat 
similar to the one of the so called "axiomatists" in 
completely quantized field theory.) We show that 
whenever the equation of motion is homogeneous, (which 
is the case in most. problems of interest), the study 
of all physical requirements reduces to studying 
Bogoliubov transformations between creation and anni- 


hilation operators. 
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We study such transformations in the third 
chapter where we obtain some new important results 
concerning their general properties. We also discuss 
the possibility of non-conservation of the total 
charge. 

We examine in details the following particular 
problems: a quantized field in presence of an exter- 
nal source, electrons and positrons acted upon by a 
plane electromagnetic wave, Dirac fields acted upon 
by potentials of the form A (x) 6 (t) and A(x) 6 (t-t.). 

We study also Dirac fields in presence of poten- 
tials which have time dependences which can be repre- 
sented by sequences of step functions. We then dis— 
cuss the limiting case where the time dependence is 
continuous. 

We prove that the requirements that there exists 
a unitary evolution operator or that physical particles 
can be described are exactly equivalent. We show that 
a satisfactory physical interpretation can be obtained 
with potentials of quite general time dependences if 
and only if at all times these potentials are such 
that the necessary and sufficient conditions obtained 
on A (x) in the problem A(x) 6 (t-t.) are satisfied. We 
derive some new estimates on potentials for which these 


conditions are satisfied. 
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We study such transformations in the third 
chapter where we obtain some new important results 
concerning their general properties. We also discuss 
the possibility of non-conservation of the total 
charge. 

We examine in details the following particular 
problems: a quantized field in presence of an exter- 
nal source, electrons and positrons acted upon by a 
plane electromagnetic wave, Dirac fields acted upon 
by potentials of the form A(x) 6 (t) and A(x) 6 (t-t.). 

We study also Dirac fields in presence of poten- 
tials which have time dependences which can be repre- 
sented by sequences of step functions. We then dis- 
cuss the limiting case where the time dependence is 
continuous. 

We prove that the requirements that there exists 
a unitary evolution operator or that physical particles 
can be described are exactly equivalent. We show that 
a satisfactory physical interpretation can be obtained 
with potentials of quite general time dependences if 
and only if at all times these potentials are such 
that the necessary and sufficient conditions obtained 
on A (x) in the problem A (x) 6 (t-t.) are satisfied. We 
derive some new estimates on potentials for which these 


conditions are satisfied. 
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PRELIMINARIES AND NOTATION 


The theory of ordinary quantum mechanics 
is already firmly established as giving a good 
description of physical phenomena at the atomic 
level. The essential difference between this and 
classical mechanics is that now the observable 
quantities are eigenvalues of self adjoint operators 
which are such that canonically conjugate variables 
do not commute (for example: the momentum Pp and 
position x are such that Eker se = “Alles where 
K = h/27, h being Planck's constant). 

At the subatomic level i.e. in elementary 
particles physics, it is clear that processes occur 
where particles are destroyed or created. Such 
processes are in accordance with the theory of 
relativity in which mass is a form of energy so that 
it becomes possible to create or absorb particles 
whenever the interactions give rise to changes in 
energy greater or equal to the rest energy (i.e. mass) 
of the particles in question. 

Since elementary particles have properties 
of both: relativistic systems and quantum mechanical 
systems, one must try to make a theory incorporating 


the fundamental hypotheses of both of these theories. 
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The theory so obtained however is so complicated 
that up to now nobody has even been able to prove that 
it is consistent and non-trivial (in the sense that 
not only free particles could be described). The 
main reason for trying to keep this framework is that 
perturbation calculations (in power of the coupling 
constants) in certain cases gave very good agreement 
with experiments. 

There is a class of simple problems which can 
help us gain some understanding of the situation. 

These deal with idealized systems where the particles 
do not interact between themselves but are only acted 
upon by an external force. This is the type of systems 
that we will be considering in the present work. 

Such systems have the advantage of being 
described by a simpler mathematical formalism that 
is used for those where the influence of the particles 
on one another is taken into account. They nevertheless 
have the property that particles can be created or 
destroyed when the energy of the system is changed. 

The finding of a relativistic wave equation 
for elementary particles is complicated by the existence 
of the spin. For a spinless particle, such an equation 
is obtained by using the same rule as for the Schrdédinger 


equation: the energy operator is E = iff d_ and the 
ot 
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momentum operator p = -iK V. The classical relation 
giving the energy of a free particle: 


Beem secu 2c 4 


where m is the mass of the particle, thus leads to the 
(Klein-Gorkon) wave equation 
42 


gt? 


* Te mc*) o (t,x). 


2 2 
“K b(t,x) = (-H207 v 
As customary, we shall use the natural units 
where Kh = 1 and c = 1. We shall use the following 


relativistic notation: 


x4 = pl ee EN = (x° x) 

where x? = t, the time parameter and gh = X, x? = y, 
x? = z, the space coordinates. The metric tensor CAG 
is such that 

Sly, = iC i ee Shag, OD Be ee 


The product of two 4-vectors is then 


hn 0 + =.0..0 rk ape Bi83 
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The Klein-Gordon equation can then be written as 
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For spin ¥% particles, as electrons for example, 


the wave equation is the Dirac equation: 
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Spin 0 and & particles are the only two types of 
particles which will be considered explicitiy inthe 
present work. The equations used are essentially the 
above free equations, except for an additional term 
representing the potential energy of the particles 
(as these will be acted upon by a given force). The 
example which will be most discussed is that of electrons 
in presence of an electromagnetic potential. Systems 
of electrons are those for which the complete theory 
is most succesful. 

The quantum mechanical states of such systems 
must now obviously include states in which there is 
any arbitrary number of particles present, as the 
number of these particles can change. Operators are 
then needed to describe the creation and annihilation 
of particles. These are defined Simply as the operators 
which when applied on a state of n particles will give 
either a state of n+l particles or n-l particles, 


The space of such states is called Fock-Hilbert space. 
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Although we recalled the main properties of such a 
formalism in the text, a more detailed discussion of it 


can be found in the chapters six to ten of S.S. Schweber 


19611, 
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CHAPTER I 


TIME INDEPENDENT EXTERNAL FIELD PROBLEM 


EN Chest rst parteot this chapten; we present 
the formalism used to describe a system consisting 
SOferelattvisctic parcicies acted Upon by a time inde— 
pendent potential. 

Our main purpose in doing so is to introduce 
the notations and concepts which will be needed in 
the other chapters. We will also stress the fact 
that time independent external field systems can be 
quite rigorously treated, exactly as is the case for 
free field systems. 

In the second part, we show that there are 
indeed many different ways to associate particles 
with such systems. A commonly used quantization 
method will be studied in more details. We will 
then discuss the physical considerations which lead 
one to regard the operators used in the first section 


as giving the proper description. 
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1) Quantized Field Interacting with Time Independent 


Potentials 


Introduction 

In this section, we present a quantum field 
theoretical treatment of the time independent external 
PLela anteraCcaon. 

The field will be quantized in the manner des- 
Cripecsepy, stor eexample, A,l. Akhlezer and V.B. Berestetsky 
[i953 | wand@>.o.  ocChweber (1961)]. OUr presentation differs 
however in that we make explicit use of wave packets. 

This is done in order to understand clearly what happens 
in light of the formalism for the c-number scattering 
LNCOry sas, presented by J .M. Jauch (19538), S.r. Kuroda 
blood I (also. Dye. hace |19660)], R.G. Newton [1966]). 

MieatitsaerOrnaltollye 1 Csis, Cleat tilat Drovlens 
with time independent potentials can be treated rigo- 
rously without recourse to the procedure of adiabatic 
switching on and off of the potential. (According to 
this procedure, a factor elt | 1SeiicCLOGUCeC mi ieule 
potential to facilitate the evaluation of certain quan- 
tities by increasing their convergence. At the end of 
all calculations, the limit ¢>++0 is taken.) ‘This, 
obviously, is justified only when a system has a certain 


stability (or continuity) of properties under variation 


of the time dependence of the potential. Although this 
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might be desirable for most physical situations, it 
has not yet been proven true in the description of 
relativistic particles in external fields. This is 
why we avoid this procedure here. 

We will examine in detail the properties of 
the creation and annihilation operators introduced 
in the quantization of the field. We will prove that 
these are in fact the operators associated with the 
observable particles either initially or finally. 


We will see that the total Hilbert space can 


be separated in a sum of subspaces denoted Fee! which 
are the spaces containing all possible states where 
there are n bound particles and m bound antiparticles 
(when bound states are possible). 

Similar scattering experiments can be done in 


asi and will 


any one of these particular subspaces }, 
yield exactly the same answers to the scattering pro- 
blem. The presence of bound particles has no influence 
whatsoever on a scattering experiment. 

The only effect taking place is ordinary elastic 
scattering with many particles. Such a situation is 
expected here since there is no interaction between the 
particles. Their charge allows them only to be acted 


upon by the external field; they are not themselves the 


cause of any electromagnetic field. 
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Although the bound particles never appear ina 
scattering experiment when the external field is time 
independent, it is useful to have the necessary for- 
malism to describe them. This is used in calculating 
the energy levels of atoms for example. 

In subsequent sections, we will study cases 
where the external field depends on time. We will 
then be able to describe, among other things, the 
freeing of bound particles (and the binding of free 
particles) in an external field. This should happen 
when, for example, the external field goes from A (x) 
(which allows bound states) to A = 0 (or vice versa). 

Let us consider for the moment the Dirac electron- 
positron field in interaction with a time independent 
electromagnetic potential A(x). The differential equa- 


tion of motion is 


{-iy.o + mip(x) = ey .A(x) p (x) ekg) 
Ree daa, + y(t,x) = hy (t,x) 
where 

h = y°Liy.@ 04d a ey°y.A(x) : 
Solution 


The quantized field operator solution is 


p(t,x) = shag b (0 ,x) C2} 





& ni teeqgs toven aelotixsq batted edt dguodshA)  « 


omit af bletit lanxedxe ods nodw snemiaeqxse prises iROe 


“tot yuseesosa sit sved oF Ivtoeu et aL ,inebaeqebai — 


pnistelusiso at bsev 2h etdt mend sdiwoeeb of, meiiam 
.olqmsxs 16% emots to elevel ypioene ens 
asaso ybute iliw ew ,enoisdose taoupeedue al 


iLiw 9W .9mi3t no ebneqsb bisit isaxedxe sdd stedw 


eit ,apnidd asdto pmonts vsdinsesh ot gids sd ned? 


ao%t to entbaid oft bus) eslottxsq bayod to pokesnt 


asqqsd bluoda 2eidT  .biett [saxesxs ms at (eeloistag 


x)A moxt asop: blest “EBaTII KS edt ,oigmsxs tod, ctorly 

teers sniv ro) 0 = A oF pear se brtod Agobts so tei) 
-aoigosls ostid sit tnonom ons 103 rebiedod au tol 

tusbnegqebni omits s dd itw sad la oe aes noxs.beog: 

-sups Inicnexsitib sit | (XA Isisneseq: oiganpamossaaie, 


a noidom ic) aoke. 


{£.4) (0) G(R A. ys = txlw lm’ + Ge ybee 


Gd) ya'= Pi ar | os 
F We a : i 7 Dy 


where 
UiCOes) Mebane we! oh disc 
bes ey ye eas 
E 1a 
tee EEN iy dike (x) )ade fob, ee 
8 Bets + Sule ee 
il : 7 W us . a 
The “coefficients” in the expansion (1.3): bay darrb, 
and a, are here operators. They will be defined pro- 
perly in a moment. We first explain what are the 
functions £ (x) Pes eos eangsewhat) their labels mean. 
Te) The functions £,. (x) and fiat (X) are eigenfunctions 


or h corresponding to the discrete eigenvalues +E> 0, 
-E'<0. They are square integrable and orthonormal. 

A single index E or E' is used to characterize these 
functions but it implicitly means rather a set of indices 
containing also any other good quantum number which would 
come from a Se quantity due to a symmetry in the 
Syotem "(like the spin index s in the present case). 


Jew Luncu1ons f. (x) are square integrable func- 


B 
tions which contain only eigenmodes of h with the same 
Sign € of energy. (8 denotes also implicitly the spin 
index s). Such functions can be obtained simply through 


the action of 2, (the Mgller wave operator) on the cor- 


responging free functions. 
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Let us then define free wave packets as 


hy mot 6 xX 
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arbitrary basis in rage The other terms 
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are the eigenmodes of ho corresponding respectively to 
; pene 2 2 
eigenvalues w(p) and -w(p) where w(p) = jpt+m . They 
are in the continuous spectrum of lev so that they are 
normalizable only to Dirac delta functions. 


Because of the intertwining properties of 2,, 


the functions defined as. 


Oo 
g ‘X) = 2, £3 (x) 


fe) 
will have the same eigenvalue composition as fan was By 
this we mean the following: since 
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when %, is applied on each side of this equation and 


ho = h2, is used, we obtain the similar expression 


: a iy reer ate H2hs 
h +g &%) = faphg, (p) 0p) (2, Sree cy WwW (-p)e [) 


The same obviously holds for £_, (x). 
If we were not using wave packets, we could have 
said simply that from each eigenfunction of ho with 


eigenvalue t+tw(p), we obtain a corresponding eigenfunc- 


tion of h also with eigenvalue tw(p). These would be 
f (x) = 2,.£° 
gens) 2) 7 Sc teaweie 


fe) 
where f mo) sis@the@term in bracket in (1.5). 

(€,p,s) -~ 

O O 

The set of functions Eig (x) and E_. (x) form a 

. 4 At, 
basis in (L?) ee oem Leanly, Sealy E_. (x) together 
with all the eigenfunctions corresponding to the dis- 
crete spectrum ob h orm a complete orthonormal set in 
(L2)*, 

Hereafter, we will use the set of functions 


O 
E og (x) obtained through Qy from f. (x}. One could 


B 
indifferently use those obtained through 2_ or in fact 
any complete sSset.of such functions with different 
asymptotic boundary conditions. The physical results 


would be the same; the above choice is made arbitrarily, 


for the moment. 
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attic) We now come back to the definition of the opera- 
tors (b,d). These operators and their adjoints have 
the following anticommutation relations. 


+ 


All the operators b and b anticommute with all 


the operators d and al, 
The "d" type operators and the "b" type operators 


have the same anticommutation relations. 


These are 
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We note that the notation b(8) or b(E) will 
sometimes be used to facilitate the writing of certain 
expressions. The notation with an index is however 
more appropriate here since the variables 8 and E are 
discrete. 

They operate on the Hilbert space (A) with the 
Fock space structure for which the vacuum state |O> is 


defined as 
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The other states of this space are obtained (as in the 
free field case) by the action of the creation opera- 


i t 


tors b and d on the vacuum state. The general state 


is then a normalizable linear combination with different 


values of k, 2, n and m of states of the type 
re y 1? T 
E> = b(a,) Dla5) --. b(ay) x 
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The relation between the creation and annihilation 
operators discussed here and those used in the treatments 


which do not use wave packets is simply 
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g Japn’, (p)b. (p) 


WD + 


fapng, (p)al(p) , (1.8) 


the operators bp and ar, being the same. The operators 
b. (p) and d.(p) satisfy the anticommutation relations 
Similar to those of be and dd. except that the Kronecker 


delta functions Sage are now replaced by Dirac delta 


functions é(p-p'). 
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We note also that, similarly to the definition 


(1.8), one could define more general operators as 
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b(g) = fap Y ga (p)b. (p) 
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d(g) = fap ) gk (p)d 
~ gs=l1 ie 
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where 9, (p) is a completely arbitrary rie, SUNCCLON VOL Pp 
and s. 
In what follows, we will on occasions use any 
one of the above mentioned forms for the creation and 
annihilation operators (whenever we find that the mean- 
ing of certain expressions is made clearer by using it). 
ea) The quantum field theoretical energy operator 
for this system is simply 
+ C ‘ + 
sie) ee) isin as fav MN w(p) {b. (p)b, (p) td, (p) ds (p) }. 
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It can easily be checked, using the anticommutation 
relations, that the field operator (x) has its time 
development ruled by the Heisenberg equation for the 


time variation of operators: 
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H can formally be written in terms of the field 


operator as 


2 
H= ax u (t,x) hy (t,x) + b B+ | ap - Ww) (p) | re CU 2) 
4 9 ~ gs ~ 


The term in bracket jn this, expression is, the, equiva- 


lent here of 
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for the free field case where 
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Heree = ax Viren (t 2) RoV free (x) + [ [ap aks w (p) 3 


For expressions written in terms of free field operators, 
this sort Of addi1ceLlve infinite constant as usually taken 
into account by introducing the simplifying notation: 
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This is referred to as normal ordering of the expres- 
sion. Lt *corresponds £o reordering it such that ail 
the annihilation operators are to the right of the 
creation operators. In the case of expression (1.12), 
we can define a similar normal ordering symbol which 
refers to ordering with respect to the operators b,b, 


ad; al, We can denote this simply by adding a subscript 
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A to the usual symbol as follows: 


co : ax Y(t ex) hy (t,x) 2 ; (esta) 


The Hamiltonian H on the previously defined 
Fock-Hilbert space acts just like a free field 
Hamiltonian in the corresponding free field space. 
It is then self adjoint and has a dense domain in A 
so that the operator see PeneUintaGye Olea lilac. 


This is the time translation operator for the problem; 


we have 


iH(t-t)) -iH(t-t ) 
p (t,x) =e p(t x)e (1.14) 


The following operators 
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commute with the energy operator H. They are then left 


invariant by the time translation operator Sano des Oe 


they are constants of the motion. As we will see later, 
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they can be identified respectively as the total charge 
and the total number of particles operators. 


From their anticommutation relations, it can be 


a. 


BE! bi (p), al; and a” (p) each 


seen that the operators b 
then create one particle of respective energy E, w(p), 
E' and w(p) and charge e, e, -e, -e. Sirmil amlyij-itien r 


respective adjoints bay bo(p), d and d..(p) annihilate 


BR! 
these particles. 

We will justify in the subsequent section the 
identification of the objects created and annihilated 


by the operators b, b', a, at as the physical particles. 


Physical interpretation 


In this section we want to show how the previous 
formalism is used to describe the scattering particles. 
and the bound particles. 

We will be working within the Heisenberg repre- 
sentation of quantum mechanics. Accordingly, a vector 
in ff which represents the physical state of the system 
will not change in time. The dynamical evolution is 
described by the operators corresponding to physical 
quantities which evolve according to the Heisenberg 


equation ofumorion (Ll 1i). 
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Let us start by examining the properties of the 
field operator for large times. We will see that in 
the far past and far future, it can describe some freely 
moving particles. 

We recall that free particles are associated 
with free fields as follows. An arbitrary quantized 
free field is (we will use the index "o" to characterize 


free field operators) 


=e, 
bo (t.x) =e Vo (0,x) 
where 
v_(0,x) = Y{b?£° ep er ne (x) } (ing 7) 
Cowes B Botp ~ eke) gis ere - i 


Thepereation and annihilation operators for the free 


particles and antiparticles are gotten as 


=i al he 
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They are defined on the Fock-Hilbert space where 


the vacuum state is the state |0> such that 
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itlis theimwenos particlef andgantiparticle state. -The 
ot ot : 

operators be and de create respectively free parti- 

cles and antiparticles which have a momentum and spin 


distribution given by the wave packet £.(p)- 


Their total energy, charge and number operators 
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The energy operator Hy rules the time evolution 
of the system through the Heisenberg equation: 
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See Ge Ce (1.24) 


exist. The limit t +-~ will give us the initial opera- 
tors (those in the far past) and the limit t +> +~ the 
final operators (those in the far future). 

These definitions, we remark, are the same ones 
as used in the Lehmann Symanzik Zimmermann formulation 
of field theoretical scattering theory (cf. for example, 
Pe ROMAN wooo |) . 

The limits (1.24) are easily calculated here. 
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Combining equations (1.25) and (1.26), we obtain 
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Similarly, for the final operators, we obtain 
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(fig, Sf_e1) Jans (1% 2:89 
We then get 
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We thus have the important result that the three 


sets of operators 


Ine ein 2 2 Out -out 
Dae mips, ceene le band Ab. .de eG 
(ee 3e2:) 
are identical. Loveele Onovlous Lor tie first two sets 


andr eomes trom tie ract that S 1s Unitary in is for the 
ered 

Physically, this means that if we identify the 
set of initial operators (ewe or -fe L-} and their 
adjoints as annihilation and creation operators for 
physical particles and antiparticles of a certain type, 
it follows that the other two sets must also be associa- 
ted with exactly these same objects. 

Peper ssalsO evident that all these operators are 
well defined in the Fock-Hilbert space A. 

We remark that the operators bye oe doy and a 
which were associated with the discrete eigenvalues +E, 
elie eke ie (3@bhigkoh = tlio at all in the asymptotic forms 
which are used to identify what is created and annihi- 
lated by the Ba Der di and de: Their meaning is then 
not directly determined but we know however that they 
were really defined in exactly the same manner as the 
bes and d's. They should therefore have the same nature 
except that they are associated with the discrete spectrum 


of h while the latters are associated with its continuous 


spectrum. 
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We will then admit that the operators Dee Dae 


day and ak also create and annihilate physical par- 
ticles but that these are bound in the external poten- 
tial whereas the b,'s and d,'s are associated with 
scattering particles. 

ft, is! intercesting,,to tlook: at the form tof ithe 
energy, charge and number operators. For the asympto- 


tically free particles, we have 


2 
st mn T i: 
Hin ~ Hout ~ [42 2, wtp) (by (bg (p) + al (p) 4, (p)) 


; BELO bio eda aye cp) a 
} tbs (pb, (B) - al (pa, (p 


2; = Qout = [a 1 Br 


Ss 


Zz 
Nin Nout = Jap ) 


i eel 
yee) 2ee0) + do(p)d_(p) } 


whereas the operators for the complete system are, as 
Givermiieecquartone (L.21) 5 (722) “and (1 523)): 


‘ i 


He 3t.tes + LEb,b, + eae daa le SS) 
E E! 
out 
» f U esl 
da Becpatheeiae AS ) sedeeap eras , Giardia (D342) 
E E! | 
out 
x + iP 
BN eat ) ease us jie (135) 
E E 
out 


We can see that these are naturally separated into a 


scattering particles part and a bound particles part. 
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Let us call respectively Hoe On and Ny, ete m ras ( 
terms or the sums appearing in (1.33), (1.34) and 
(1.35). These operators commute with the total 
Hamiltonian H so that they represent constants of the 
motion. The energy, charge and number of the corres- 
ponding bound particles and those of the scattering 
particles are then separately conserved in time. 

Corresponding to this, there is a degeneracy 
of the asymptotic free particles vacuum states. 


According to the equations (1.20), these are defined 


respectively by the equations 


ee We, 0 NTS! Wy Od 
in ty! 2 out * 2 
peg 07-0 yet eh eee ee Oc oe. 
Ci. 36.) 


These states can be any normalizable linear combination 


of states 


| (0 scattering particles)E ; (0 scattering antiparticlesE > 
Ce Soke) 
with all possible values of E, and Eo They are not, 


therefore, unique whenever h has a discrete spectrum. 


There is in fact a whole subspace of asymptotic free 
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particles vacuum states. We will denote by M this sub- 
space which contains |0> and all vectors of the form 
Gl S32) Jasifarcha sis. 

Acconaing hy S.every, vector ingMiwikl w?wenerate a 

in? int 
Fock-Hilbert subspace through b and d in the 

TL 20 

usual way. We denote by Sly Ghe, Fock=Hulbert ssub- 


space so gotten from the basis vector (1.37) of M. 


Fock-Hilbert subspaces ae can similarly be 
ap 
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defined with the final creation operators oro and 


si 
awit and from the identity 
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we have 
(n,m) _ (n,m) 
Font Fin 
The total Hilbert space A can then be written as 


(n,m) 


AL = 3 pe ? (is 8) 


Description of Scattering 


The question asked in the field theoretical des- 
cription of a scattering experiment is the same one 
as asked in the c-number scattering theory except for 
the necessary modification due to the possible change 


in the number of particles. 
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If the system is in a state where initially 
there were n freely moving particles characterized 
by the indices Apr Ay, 20270 and m free anti- 
particles labelled Bie Bos -ee By we want to know 
what is the probability that in the far future there 
are, in this state;"n" freely moving particles and m' 


antiparticles characterized respectively by 


| t 
a ane Hane 


Let us then suppose that the system is in the 


Oss dor seer a! and Bh, B 


n! 


state (we use the notation a. 


aa aay, ores OA) 


g 


lo E,:8 E',> = (-1)%™ b(o,)"b(a,)*...b(a,)* : 


x d(8,)'...d(6,)*|0B,70B1,> (1.39) 


We recall that according to the Heisenberg repre- 
sentation, the description of the motion of the system 
is given by the change in time of the operators repre- 
senting the physical quantities whereas the state 
vector does not change. Therefore, to see what are 
the properties of the system for large times, we have 
here to find what are the properties of the state (1.39) 
in terms of asymptotic operators. This is easily done 


by using the equation (1.27), i.e. 
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Obviously, the system is then in a state where in the 
far past there were n freely moving particles and m 
antiparticles characterized exactly as we wanted. The 
vacuum state eee for the scattering experiment where 
the numbers of initial particles n and m would be varied 
is here |0 Boi Crier 

To see what is happening in the system in the 
far future, we use the equation (1.31) which implies 
x 


i; out ie 
Speraperand I¢, hs k, Ga.a terk gongs 


out 


g' 8 


to rewrite the state of the system (1.39) in terms of 


outt 


outt 2 : ‘ 
and d - Itvis evident-that in the far future 


b 
there are again n free particles and m free antiparticles. 
The amplitude of the probability that these be charac+ 


terized by the indices a’ and ®8' is easily seen to be 
=i =m 


S (+0, ,+a,)S(ta5,+a5) ++ +S (tay eta,) (81) (“By 1-By) «+ 


x (87) (-B.,-B,)- (1.40) 


The expression (1.40) for all values of n, Tina; mits 
m' and the indices gives the complete answer to the 
question of scattering. The set of all these elements, 


as in ordinary scattering theory, forms the scattering 
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matrix. This will be denoted by S and, from now on, 
the c-number scattering matrix will be denoted by Soe 


S can also be defined through the equations: 


gnc Outs inpe Sater ik 
be = $ be Ss de = §$ a S 
~ i ix rs 
be = S b., S dit = §S dit S 
and al a eile (1.41) 


The field theoretical scattering matrix can be 
straightforwardly written in terms of the creation and 
annihilation operators. It has then a more concise and 
Gserurelor lots lOrm 1S easily found as it is a trivial 
case of generalized Bogoliubov transformation (dis- 


cussed in Chapter III): It is simply 


+ b + ' 
S = exp i ; eatseg S.) (+8,+8 )be, = d, (1n eH el? 1-8) da 4) ; 


(1.42) 
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2) Possibility of Different Field Quantizations 


In this section, we show that with a given field 
operator it is possible to associate as many sets of 
creation and annihilation operators as there are bases 
Bd i freee We give the general relation between different 
such sets of operators; this is a generalized Bogoliubov 
transformation. We then discuss some properties that 
such operators must have in order for them to be able 
to represent physical particles. 

2) We saw in the preceding section that the field 
operator was a linear superposition of creation and 
annihilation operators (cf. equations (1.2) and (1.3)) 


where the functions 


-iht -iht 
e f(x), e £1, (x) F 


e@ tht bay e tht es eee 
formed a basis in the space Gey (i.e. the 4-component 
ia space). As we will see later, this will also be the 
case in most external field problems; even when the 
potential is time dependent. The field operator can 


then generally be written as 


4 
v (x) Ls Vik fun (2.2) 
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The Wc satisfy the anticommutation relations of 

creation and annihilation operators: 

AU. tao les, 2 ie uy Se (254) 
uk’ * vg ineor & uv kg 

and are well defined bounded operators on some Hilbert 

space ask 


Since the operators Wik are well defined bounded 


operators, any operator 
(ft) = [ax £ (x) p(x) where fine (a) ( 2.5.9) 


is also a well defined bounded operator in. as is 


evident from the following argument. 
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anGeupOon USiAMa (2.4) ,1thLs 16 


4 
Shine )oduifathe) palzedtatires |i «(ch « 
k yp=l 


The adjoint vy" (£) is also well defined and we always 


have 


{y(£),b(g)} = 0 {w(£) Ww" (g)} = (fg vi and g’% (L2)~. 


(2°56) 


Such a field operator p (x) having the property 
that W(£) is well defined on H for all fc (L“)* will 
be said to be an operator valued distribution on the 
test function space en?) = 

To any basis fe sae, it is then possible to 
associate a set of well defined operators 


Yuk 


fax £)4 00" ¥ 60 (2.7) 


having the anticommutation relations of creation and 


annihilation operators in fl: 
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With a given field operator ~(x) one can then 


associate as many such sets as there are bases in (ait oy 
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We note that because of the symmetry in (2.8) 
or (2.4) between Vuk and vik for a given wand k, any 
one of these could be*called a’ creation (or annihilation) 
operator. Considerations on the non-negativeness of the 
energy operator will help decide which one should create 
Or annihilate physical particles. We will then consider 
(as this will be the usual case) that Vuk Lora = Ll, 2 
and Wik for » = 3,4 are the annihilation operators. 
ipeOLOemeLOmve sab leutouidenlLity more clearly which 
ere the creation operators or the annihilation operators, 
the following notation is used. 


EOL] Vee 2,2, and pt 


fe aap WSF esa 


Ek % Le 


i) It is easy to find the relations between two 


different sets of creation and annihilation operators 


associated with a field w(x). By definition, we have 
é a 
p(x) = b oa {Bk Kee vane f42,k (*)} (2.9) 


and also 


2 = s tho 
DSTO E is EE, ae yea (2.10) 


where Sei aoges and (£14 (x) } are two different bases in 


iaet From comparing (2.9) and (2.10), one can see that 
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we must have 


Bik Ce een Cant ) (P51 
uk ics Ve “pk” ve Vial tere } a 
uk = 2 2 Vir tek ve Hoe onae yk! uuu ica 7) 


Pave tcOre Ofelineat tialsrOLmatron oetweel CWO SCTS 
of creation and annihilation operators is called a 
generalized Bogoliubov transformation by analogy with 
the case where the index k runs only over a finite 


set of numbers. 


es a We will say that a set of creation and annihi- 
lation operators agen can represent physical par- 
ticles if, in the Hilbert space considered, there is 
a vector which can represent the physically possible 
state of there being none of these particles in the 
system. That is'there exists a vector |O> «# such 
that Bylue Orel Bee Bee SOG Ole al, 2 aC a anes 

Furthermore, once a given set of such opera- 
tors is chosen to represent physical particles, the 
whole relevant Hilbert space for the system is deter- 
mined. 

Lijaptielavoperator p (t,x) Le vthesonly faeld 
operator variable for a given problem, it (with the 


external field) must give a complete description of 
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the system. If then at some time say gee p(t, 7X) 
describes certain particles, all the possible states 

of the system at this time will consist of zero, one, 
two'2k-lete. particles® statesvo"'That"is States’ of the 
Fock-Hilbert space Fe. associated to the vacuum |0> 
through the particles creation operators in the usual 
way. ries describes all physically possible states 

at some time eat it must also describe all possible 
states at all times. This is necessary, for example, 

in order to be able to use the Heisenberg representation 
formalism in which the motion is described by a state 
vector which does not change in time while the operatcrs 
representing the dynamical variables evolve according to 
the Heisenberg equation of motion. We must therefore 
consider Feo as the total relevant Hilbert space A. 


We remark that for any other arbitrary set of 


uk! 


state in WW (as we will see later) even if states |9> > 


operators {B Dis there will not always be such a 


t 
Bl ¢> = 0 
; ’ 
Dil? = 0 forty: = 1,2 ret) 


and a given fixed value of k can always be found in 4. 
This last fact is easily shown by constructing 


states 
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These cannot be zero ¥ |¢>« H since this would imply 
t ' | ' = ° e . . e A 

BB PP on = 0. This is inconsistent with the anti- 


commutation relations since we must have 


it wt iT it LBA pee aL J v = 
tot (Da (Boys [Byy Bi Bo, Di,Do,) 11} = 1 #9 
All such states |¢> are easily seen to Satis ve onl 2) 
. ' ' = t ' = 
since Val =sOMv oT ack EtoOlLlows from Writ = 10h 
The necessary and sufficient conditions for two 

sets of creation and annihilation operators to define 
each a vacuum state in the same space together with 


the general properties of Bogoliubov transformations 


will be discussed at length in Chapter III. 


Physical Requirements 


As is now evident from the preceding section a 
well-defined operator valued distribution y(t,x) is 


determined at all times t by 
eS ES ee Aiea) (2.14) 


whenever y(0,x) is itself an operator valued distribu- 
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a unitary operator on fea 
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Since the operator yp (0,x) can be defined on many 
different Fock-Hilbert spaces, one must have certain 
general criteria which will help determine which one 
among these spaces should be chosen. This is what we 
discuss in this section. 

We will examine in particular the possibility 
of quantization through the free field functions £2 g (x) 
since this is the most frequently encountered one (for 
example: H.E. Moses [1954], K.O. Friedrichs [1953], 
PAM Bongaarts [1970]*, Rw Seiler [1972]). 

The decomposition of the field operator p (0 ,x) 
would then be 


a 
¥(O,x) = J {befe a(x) + dg £2, (x)} (2.15) 
, x : 


and the Fock-Hilbert space HL defined by the action of 


ot 


pb?’ ana a°’ on the vacuum |o>° defined by 


balo>” = 0 } dz |o>° = 0 SERer ee (2.16) 


2) In order to have a meaningful physical theory, 
either one of the following requirements are usually 
expected to be satisfied in any quantum Pe theory. 
These requirements are in fact what should fix the 


quantization. 
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a) A well defined non-negative energy operator H 
exists on & such that the solution of the differential 


equation of motion satisfies the Heisenberg equation 


i se w(t,x) = [ylt,x),H] . 


This means that Planck's Peis tion that energy is pro- 
portional to the frequency of vibration of the field 
modes is satisfied (Y. Takahashi [1969]). 

b) There is a unitary operator U(t,t,) relating the 


fields at times t and to such “that 


Vee MeU EW (Ox) U(t). 


¢) We.do not. care about. giving ,.a physical, interpre- 
tation to the fields for finite times. We only ask that 
they always be well defined operator valued distributions 
on a Hilbert space #& and that they describe freely 
moving particles for very large times. 

These last two alternatives are those presented 
by A.S. Wightman at the Coral Gables Conference Peo 7d] 
for systems where the c-number problem is well defined, 


as is the case here. 


tay) We now examine the implications of the previous 
requirements. We start with b); let us suppose that 


the Hilbert space chosen is ¥/. We require that there 
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a 
exists a unitary operator U(t) on Mees suchithat 


(t,x) = UT(t)y(0,x)U(t) . Las 


Prom. thas decomposition (2.15) for w~(0,x) dnd’ the rela- 


tion (2.14), one can see that the above equation is 
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Upon integrating each side of this equation with 
* 
Leg tn)! , one obtains that the above requirement 


implies that there must exist a unitary operator U(t) 


such that 
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where 
be (t) ™ UT (t) QU (t) and de (t) = U" (t)aQu (t) i 


That is: the Bogoliubov transformation on the right 
hand side of equation (2.19) must be unitarily imple- 


mentable. 
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We will prove in Chapter IV that this is in 
Pact possible if and only xf the Hilbert “space ae 
coincide exactly with the Fock-Hilbert space H de- 
fined in, the, previous section 1). That is 1f and 
only if the set of operators {be aa) is Unitarily 


equivalent to the set {bp ,b,,d d, } introduced in 


BE 
section 1). We are then brought back to considering 
the Hilbert space # as the physically relevant one. 


In this space, the time translation operator is already 


known to exist; according to equation (1.14), it is 


iyi) e@ Ht 
where the energy operator H is given by equation (1.10). 

In the case of time independent potentials, it is 
trivial that the two requirements a) and b) are exactly 
equivalent. We have just seen that when there exists 
1Ht 


Brule} at is in fact e so that a well defined 


energy operator H exists. Conversely, whenever there 
exists a well defined energy operator H, ryt Lona 


unitary operator having the property (2.17). 


iv) It can however happen that two (or more) sets 
of particle creation and annihilation operators both 
have a vacuum in the same space 4. It is then easy 


to see that different phenomena are predicted, according 
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to which set we interpret as representing the physical 
particles. For example, we have seen that the number 
of particles operator is here 

ap 
toatl Cl 

gop? 
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and is time independent. This comes from the fact that 
it commutes with H so that the number of these particles 
is conserved. 

The number operator for the other particles at 
time zero is 


i t 
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N- = : {be be + de qd} ‘i 


At time t, this becomes 


etit ne oe tht 

which in general will be different from No: The use of 
the operators {be de} in the case of time independent 
potentials is responsible for such interpretations as 

are given in the references mentioned at the beginning 

of this section. One finds, for example, in the article 
by Bongaarts [1970]: Pairs of particles and antiparticles 
are created and annihilated continuously .... . However, 
for the limit t+ +~, the theory reduces to a one-particle 
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Cimessthat 1s more complicated: ..... ‘ 
One additional consideration can help us decide 
between the two sets of operators. This will be rela- 


ted to the third requirement. 


ery In order to examine the third requirement, let 
us consider a completely general operator valued dis- 
tCrabubbennd2d 14).2 

Wesdo net Hrequirefanythiang for finite times. 
In particular, this means that we do not know at the 
beginning of the treatment on what space p (0 ,x) is 
defined. 

We ask, however, that the asymptotic creation 
and annihilation operators correpond to the observable 
physical particles. 

The relevant physical particles operators must 
then be those defined as 
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They must then be related to w~(0,x) as follows. When 


t + -», the operators are 
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and when t + +, 


t 
ba = Jaxto_e,¢001" (0 ,x) 
ap 
baa = faxta_£°,o01" V(O,x) (220) 


In order for these to represent physical parti- 
cles, we need that the physical space contains vacuum 


states |0>.. and |0> for them. 
in out 


We recall that when there are eigenfunctions of 
h associated with discrete eigenvalues, the operators 


Qy and,-& sane, not <uni-tary.sj-The sequation })(2 «20) o(or 


(2.521 )-) wiser net then*be simvertibte.in, the sense mthat 


the operator valued distribution (0,x) cannot be 
written completely in terms of the operators baat dn 


out ZOU 
d ) 


(or b i - That is: these operators do not form 


an irreducible, set. In-thisi*casej one must define other 


creation and annihilation operators as 
* 
b, = |dx f.(x) (0,x) 
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qs: 


= [ax £30630) W(O,x) . (2). 22) 
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form a basis in (Toe so that we can invert the equations 


A “set soLsitunctions.. st together with fo and fae 


(2.20) and obtain: 





+O eri 


; ‘Ane 
Ps 1.31. ¢aee 
ee : a 
) ae: 
Aro tee ; 
=f 2 eal 
ot + + fedw ‘Sas 
—* 
- é a 
* eo SHG PF 
(x, O)d adil = qa Ais i. 
; 
rc | T3209, = 
= ‘a 
~iitaq [soteydg Jnsacx1ges od seeds tot aebae ae : 
MUsOBV entistnos so8ge I[sofeytigq odd tends besn Sw ,Belo 
* £0 aD) 
= «mett tot 4250| bas py 0| asiete ; 
to emoitonuinepis ots susiis medw isda Ifsoss ot). 
2totsisqe sd} ,asubsevaspie sdetoaib dtiw bedefoomen @ ae 
S To. te 
J 


Oo) (OS.S) dofttaups sat aap bay jor stp 2 Brus af 
tesfdt sense eft mi sidisgsxevart od neds ton iLiw (Lice) 
sd toAamsD (x Oy noitucdi¢teEb Ssulsv 103siteqo oft e 


: sg 
nt. fit y " 


b . "d erots%ego sit to ot at yi oseLamos: sogtinw 


mao? ton of exestsx5q0 S26d5 2ek FenT ees ea 38) a 


iia 
taijo satteb taum sao ,9aB9 eid ml .tee eldioubeqsh as c 
26 exotsxreqo nottslidinns Brie moiteexo nai 


Ie. 


a , AA : Be aS er eee us a . 


prial 

tee ' 
ne Use 
mye 





40 


= T 
y (0,x) = d bf, (x) ze i i SB! te 


in re) vr fe) 
onthe [nf g(x] +d, (o,f, (x) 1} (2223) 
OMe ronan 2r2 kj: 
y(O,x) = J bof.(x) +P ale, (x) 
: E = E! - 
abe Gare (x) ] + out" [2 £° (x)]}. (2.24) 
8 B ape oe ee B =i ; ; 


The proper Hilbert space for the problem is then 


the Fock-Hilbert space defined through the set of opera- 


tors bar bens Gos an” and the vacuum | O> such that 
b,, | 0> = nay Ee d.1| > =O ¥ E 
ba | 0>= 0 ci 0>— 0 4S > (2.25) 


Equations (2.23) and (2.25) are easily recognized 
as being exactly those used in the initial treatment of 


this problem. As was shown, there is always a unitary 


operator on W, relating the set of operators Daa bs 
to eal stay 
Be SiveR 


If, however, we had started with a given diffe- 
rent Hilbert space, say At as before, we would again 


evidently have obtained that it is necessary 
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for the operators Woy a to be unitarily related to 


{b., b di ’ da}. 


8! 
iv) In the time independent problem, all three re- 
quirements a), b) and c) are equivalent in favoring the 
Hilbert space initially considered... Tne thse space, 
we have a well defined self adjoint energy Operator H- 
peli te) 
a unitary time translation operator Oe hora oe ie . 
exists ¥ t and te and the operators representing the 
asymptotic free particles have a vacuum state. 


Furthermore, in this Space, the creation and 


annihilation operators defined by 
Fea cy = Jax Fp (x)* W(t,x) a(t) -|ax EolX)* Y (t,x) 
Deck) = Jax Eig (x)*¥ (t,x) aa (t) -| ax E_.(x)* ¥ (t,x) 


have a vacuum state at all Cimes (it as simply hOS ye 
The particles associated with them are the physical 
particles i.e. those observable as asymptotic free 
particles. 

When the necessary conditions are Satisfied for 
a different set of creation and annihilation operators 
to also have a vacuum in #, we will Say that these re- 


present pseudo-particles since they are not observable. 
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It is interesting and it can help much in 
understanding the concept of these pseudo-particles 
to look at an "inverse" situation.’ Let us consider 
the free field system described by the differential 


equation 
(=aye0 + Mix) =O. 


There is no doubt in this case about which 
Fock-Hilbert space should be taken as the physically 
relevant one. It can be found in any textbook on 
quantum field theory and indeed agrees with the dis- 
cussion of this section that the proper creation and 


annihilation operators are those defined in 


ae O ese) 
W(t,x) =e L(t. (x) + d,f o(x)} 

The particles always behave as free particles 
and there is never any creation nor annihilation of 
Particles. 

However, here also, one can define other crea- 
tion and annihilation Operators and it can happen that 
these have a vacuum state in the Hilbert space consi- 
dered. (In fact, this will happen for the operators 
defined through the basis associated with the operator 
h considered before whenever the transformation (2.19) 


is unitarily implementable.) The other particles so 


42 


| ; _ - a 
Sp - : a 
nz doum qlod mBo 24 bits paistesiosat ne +t | Ae 
i” 
sefoisisq~obyseg seeds To Fqesonoo edt enitanpexebiis 7 
tsbirenoo au ‘sod -noztausce "serovai" as 38 aool oF a 
— (ea 


(sitnerottib ait yd bediupesb mosaye bioit e017 oft = 


poissupe - J 


0 = (x) o{m + 6. 72-) . an 

: " 

inidw sueds seno eit mi Sagas oa ei stedt - 
viispkeydg edt es“nsdst sa biluode sosge dxadlL-190% ‘7a 


foodtxes yas at bavoi ed Ms> 3I .2f10 ynsvelor CY 
~pip oft raiw eesottebsebat bas yiosds bieit mutneup 


—— ' 
Fi we ¢ se ‘ a 7 
bas notsssio teqord ait tant ip Lsjoae atdt to aolesev> “@ 


P i 
at bentzeb seord sts etetstege noitsiidinas ~~ 
ad * +. ai- -) 
x). 2b +(e oetedlt” © . 2s ad 7 
- ave 4) _ ~t § 
ssloitusq sett as svedsd eyswls epioitsegq ont i = 
& 
to noiislidinns ton doldsex’ yns xoeven et oxeds bas J 
z 7 7 mn? 


.a0tdixsg 


4 


= 
; “pa ae f = 
8 ft i 7% i ; 


a ret 





defined will obviously behave differently from free 
DaLcticles. 

No importance is nevertheless given to these 
since they will not be observable in the system 


considered. 
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CHAPTER LI 


TIME DEPENDENT PROBLEM 


Introduction 


We study in this chapter some general properties 
of systems with time dependent external fields. We 
will start by recalling an important result shown by 
A.Z. Capri [1969] mainly that the linear differential 
equations of motion for such external field systems 
are meaningful in the sense that they determine unique, 
well defined, causal operator valued distributions in 
the four space-time variables on some Hilbert space. 

We will then’ prove ‘that it follows from these 
results that all times, the fields are well defined 
operator valued distributions in the three space 
variables. This is done by showing that the field 
operator-distributions at different times can be rela- 
ted through a c-number unitary operator u(t,t') (which 
we give explicitly in terms of the fundamental solutions 


Of Caprfy as 
p (t,x) = u(t,t')p(t',x) : 


This, together with all the properties derived by Capri, 
Establishes Gh preperties or the*operator= uty te) 


which are more or less assumed in other treatments as 
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for example those by B. BCULOCH, Ne tsed ler and i.a, 
Swieca [1970] and R. Seiler [1972] where one starts 
directly from the above equation. 

We then examine the requirements which need 
be imposed because of physical considerations like 
those discussed in the first chapter. We show that 
this reduces to examining certain Bogoliubov trans- 
formations between creation and annihilation operators. 

The question as to whether or not the "inter- 
polating" (i.e. at finite times) quantized field in 
external field systems should have physical interest 
is discussed as in the previous article by G. Labonté 
and A.Z. Capri [1972]. This is resolved by considering 
that at any given time it is possible to keep the 
external field constant to the value reached and that 
then one can examine the system and observe what pal 
ticles are present. From this, it follows that it is 
necessary that physical particles be associated with 
the system at any given time. 

We explain how these are associated with the 
field operator. The method used to do this also appears 
very useful in defining directly the energy operator 
simply as the sum of the energy of all particles (without 
recourse to the Lagrangian formalism). The operator so 


obtained will evidently be self-adjoint, bounded below 
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and have a dense domain whenever there exists a zero 
Particle states, This method can also, be.used-tovfind 
on which coefficients of the general c-number solution 
of a problem one should impose the (anti-) commutation 
relations of creation and annihilation OpeEators +s (ine. 
as a method of quantization of time dependent systems). 
This general formalism will then be applied to 
a first simple model describing a boson field in the 
presence of an external source-field. The proper 
definition of the operators to be associated with 
physical particles will be seen to shed much tone 
Cry the nature of this ‘system. 
A second model is studied where charged parti- 
cles interact with an external electromagnetic wave. 
We examine, in particular, a commonly used quantization 
procedure for this model and show that it is not satis- 
factory. We finally suggest how this problem could be 


treated within the present formalism. 


. a : : _ ie _ hon x 
ag ~ “ 4) t ke 
> : th te 
1 ny 7 7 
fi 
- 4 
O1s8 6 Bteixe axrSsd4 szevenadW n£amob sangk % euved bts = 
ew? 


bait ot bead sd oals nao Borsem eat state oloidaeer 7 


noiguioe isdmvh-s Larenep add to adnabstiteds do titw 0. 


be 


aottssumien (-fins) SAF saogmt ‘Bivode eno meido1q = to 
& 
_t) e@xosstego soiteliditads. bis noitssto to enoissiex iz 


Lf 


(ameteyve tasbeeqgsb smht to noises tinegp to borigem 6 26° 


P 
od bsilqys od nodt+ [iiw matisanet? Lstoree eldt 
- 7 Fh Cod wy & 
eld ni bloti soeod & pakdtisesd Lebom elqmie jaxtfi s 
) ir 
i re 
rsqgo1q 9ST .blstt-soxuo0e LeaxatKe ms. to soneesiq -@ 
e 


itiw betshoozes sd 64 ateisemego,eds Fo noitiateb 

tipil coum belle oF wese sd tiitw esloistisgq isoleydq a 

.moseya leit 20 Stutsn ond. 10 a 

-it1tsq Hopxrsdo su9sdw Sehbiss 2i Lebom bagoee 4 | “ 
.sysw oisteapsmossoals Leased fees AS tw tosiscn£ aelo 
oltssitasup beey ylaommop § Nai i ace re onimsxs oW 
x 


~gitse ton at ti sau3 wore bas ato aida: x03 eiub99071g 


od bition mefdo1q eids wor saoppye yiisart sW ..yrosos2 


_ mei ieorxe? snoeesg edt midtiw bejneat ) 





47 


1) Reduction to a c-number Problem 


Wegrecaliesome or che results of AvzZ., Capri [1969] 
which show that the Dirac equation for quantized fields 
acted upon by smooth time dependent external fields 
determines well-defined operator valued distributions 
in the four variables (t,x). This. is, illustrated by the 


study of the equation 


(—iy.d +m) (t,x) =ey.A(t,x)p (t,x) ‘ GARAND) 


Let the external field Ae x) be a smooth func- 
elon Of re and x: in particular, let “it be in the space 
a. Tivsers the space Ol-intinitely differentiable 
PUNectLIONS: wich go to Zero at infinity, in all direc- 
tions of space time, faster than any inverse polynomial. 
We also suppose that A (t,x) has a bounded support (tote) 
in time i.e. A (t,x) =J0, Loreal! times: woich are not in 
the interval (ti,t,). This here simplifies the analysis 
since we can talk of times at which there is no external 
field jin action. 

instead of working directly with the differential 
equation (1.1), one studies the following equivalent 


integral equation: 


W(x) = Wo (x) + [olx-y)ey.Aly)¥ (y) ay Glin2o) 
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where VG fs) is a free solution of the Dirac equation 
and G(x-y) is a fundamental solution of the free 


equation i.e. satisfies 
{-iy.d, + miG(x-y) = 6(x-y) . (Gir) 


Since the external field PA 3) = 0 ee eg (torte), 
the solution (x) should be a free solution for these 
times. One incorporates the corresponding initial or 


Linat condition in the integral equation (1/2) by 


writing 

wt.) = v4) +/8_ Gcy)ey.aly)y (yay (ee) 
or 

v (x) = Vout (*) + [s, Or-y) ey. (y) v (y) dy Cle) 


where S|. (x-y) and S,(x-y) satisfy equation (1.3) and 


0 when ey a) (OPT Sena (x-y) * <0 C16) 


S|. (x-y) 
S,(x-y) = 0 when hee SY dic di ate (fey) Cece ot eeas.) 


The equations (1.4) and (1.5) are the Kallen-Yang- 
Feldman equations. bey) and Les are the free 


fields to which w(x) reduces for t ete and t>t,. 


BD | | 
















notisups oBtid) sat Jo gotsufoa es12 # 42 (x) 44. otedw 
cet? sit to poljcios Istnemebayt 6 et (yen Bae: 


eettetlisea 9.1 soktsupe - ¥ 


wre 


(€. £) . (ynRys = (y-x) Om + yore} ) 7 a 
(5. .4) S + * O = (yd) A BSH Teatetze odd Sona” 2 


eacadt rot nottuloe 9sxt « 8d bivode (x) y aobtuipal ens) A ot 


(sisiat pitibsmogesti0s Ssiid esi smogzoomi one -eomis — 


ee 


vd (§.L) notterspe Isrpedar oft ak sols tbnoe fenkt > oe 
vig 
pnitinw: ; 
Ss . ‘ ee 
as ; : 
; te eit) | ' ; pa af 
(B. 5) yob(y) yty) A. yo (kx) 2+ (x) ag = (x) re 
to 
iia vb Cy) Wy) Ae ra(eew) ga] + OPiyggY ane: 


bas (€ef) mofd¢sups  ytektse ty-x) 2 bee’ (y=) 8 sii 
ae = hr 


a 


(a, £) Os * (ya pe OS toto? nedw 0 = Peis a 


baw x9 G<( oittg®) sod 'o = si a 


a y 
| A as a Pet 
‘ i " a n 4 1 is 


49 


It is to be noted here that® ‘fori these timerde= 
pendent problems, one must always consider that the 
Hilbert space of physical states is the Fock-Hilbert 
Space of the initial free particles states. These 
are in fact the only physical states possible up to 
time te Since it is only then that the external field 
starts to act on the particles. The Hilbert space 
will thus be here the Fock-Hilbert Space associated in 
the usual manner with the free field Vi fX)- 

In order to show that the equations (1.4) and 
(1.5) establish meaningful relations between field 
operator valued distributions, one smears these equa- 
tions with an arbitrary function f gerd Then, equation 


(1.4), for example, can be written as 


V(T.£) = v,,(£) (ie) 
where wW(f) = fax £* (x) (x) sand Tf is defined as 
(Tf) (x) cS: £ (x) - efy.A(x) I" [ay s' (y-x) £ (y) 5 io) 


Capri showed that the operator TL. maps any function 
of Jd into a function of y| and has an inverse (in 2) 


such that 


PCED =when(T (Fy). (1.10) 
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This shows that the field W(x) is a well defined operator 
valued distribution on the space y of functions since 
the free field Yin fs) is known to have this property. 
From the properties of TY and those of the opera- 
tor tT. Similarly defined through equation (1.5) instead 
of (1.4), one can show that there are fundamental solu- 


tions defined by 


A -1 
S(£,9) S(T, erp) 


A hs -1 
S,(£,9) = S(T, f, 9) . 


These both satisfy the two equations: 


{-iyl! Bee etre er ey) = §(x-y) 
ox 


i— Bly emcees. (xy yey A (y= 6 (x-y)0 
(ies) 


As the free fundamental solutions, they have the pro- 


perties 


A a eZ 
S-(%ry) = 0 when (Xo es ONeeor G(x =7 je 20 


s*(x,y) = 0 when (ey Oot ites 2200.) 3(i 12) 
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operators nae and Up are just 


(TU* £) (x) = £(x) + fey-a(x)]"Jayis¥(y,x) 1! (yy (1413) 


(To* £) (x) = £(x) + fey-A(x)1" fayts8y,x) 1 T£(y) fol thd) 


Upon replacing (1.13) in equation (1.10), we then 


obtain 
V(x) = v5 f*) +[s° (x,y) ey-A(Y) V4, (y) dy Cll) 


ancesimilarly, 


Wx fis Vout (*) + [sh oery)ey.a(Y) Vue (Way A (1.16) 


4 
The Fields as Operator Valued Distributions on [L (E°) ] 


Using the form (1.15) and the properties of the 
distribution Ser we shall now show that the field opera- 


tor p(t,x) can be meaningfully written as 


v (t,x) a DAG tc. Juice 1X) 
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where u(t,t') is a c-number unitary operator on ira as | 
and that ~» satisfies the canonical equal time anti- 


commutation relations 


T A * subpea 
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1D) From equation (1.15) and the following relation 


for a free field: 
Wwe ai -i[S(yg-25y-2) YU, (20,2042 (7) 


(where ~18 (y,-Z0 +y-2) is the integral kernel for the 


sia ly saee) 


operator e in 3-space variables), one has 


W (x, 1) =| £6 (-y) +8 Ge yey (y) } (i) 8 (yz ry-z)ycdy x 
~ Omi 

x Vin (2572) dz . CLES) 
where ZG is arbitrary. Let us consider here ais te and 


define U(X 512) as the c-number operator corresponding 


to the integral kernel 


SCS ing (x,y) = -ifte (x-y) +s° (x,y)ey.A(y) 1S (yo>Zyqyaa)y ay. 


Leo.) 


The equation (1.18) can then be written as 


v(x, 1X) = W(X, 20) 0s (20 7X) . 


We now prove that U(X ,Z)) is unitary on iE \g 


(u(x, 72.) £,u(x,,2,)g) = (£,g) ¥ £ and g « [L2(e°)]" . 
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Let us consider an arbitrary function £ (x) esf (E3) 
which has bounded Support. From the results of the 


previous section, it follows that 
U(X 6720) £ (x) = Jee je) re) Ela) a2 (120) 


is a distribution in the four variables (X57) on pe. 
(This is easily checked by integrating (1.20) with an 
arbitrary function of v4 ke ft satisfies the Dirac 


equation 
wd a1XO 27. _ 
a ax, U(X, 725) £ (x) = y [(iy.d, + m) ey A(x) Ju(x,,z.)£ (x) 
(ie 2 Je) 
with initial condition at XQ = 253 
U(Z5720) £ (x) = £ (x) : Cie22) 


With the help of equation (1 F217, Sone gets 
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a 3x, (05125) £/U (5 /25)9) = ifax Fae eo ation x 


x Pry [U(X 120) g (x) 1} . (G23) 


Because of the causal propagation of the solution 
U(X Zo) E(x), its support in space-time is the light 


cone subtended by the bounded Support of f(x). For any 
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given "surface" ae constant, this is then a bounded 


region of space. We apply Green's theorem: 


Jax 3.J (x) = | ass. J (3%) 


V S 
Vv 


to evaluate “(l.23)) with V = alll ‘space so that Sy is 
a surface at spatial infinity. Because of the pre- 
viously mentioned property of the support of uf, 


J (x) = 0 on Sy SOME ata. 25) is 
faekd 
2 Dopege (u(x ,Z2 )£, u(xXo7Z0)g) = 0 Wet andi 
fe) 
meecwetult, ug) iS independent of Xo° Using then XQ= 2 


we obtain from (1222): 


(u(x ,Z)£, u(X.+26)g) = (f79) . 


; 4 ? 
Since An?) is dense in [E- (E>) ] , thas shows that 
4 
U(X 12.) is unitary on the space [L* (B°)] & 


We now define a unitary operator 
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that it is independent of the arbitrarily chosen Zz, < t.- 
It also relates the field operators at different times 


as 


p (t,x) = u(t,t')p(t',x) ° 
Th) The anticommutator tae rt 187 vi (t,x")} can now 
be easily evaluated. For t'<to, we had 
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Ne Vile re 
(¥ (Eex) YS (tex) } = 6 6lx-x") 


ig These results establishing the relation 
wlC pe) = Ute en (ox) 


could have been obtained also by studying directly the 
c-number operator u(t,t') defined by 
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se iat tipae het) adit, + ) 
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esuisedonesby Bs. Schroer; R. Seiler and J.A. Swieca 
[1970] and by R. Seiler [1972]. One then shows that 
Ehegconumbersoperator U(t,t') is unitary on the space 


fee a so that 
p (t,x) = u(t,t')p,. (t',x) fon, tt ue 


is meaningful in the sense that Jax £* (x) p (t,x) eS) 
a well defined operator on the Fock-Hilbert Space of 
the free field Vin’ 

The above mentioned authors give the result that 
there exists such c-number operators for the Dirac equa- 
tion with external potentials A (t,x) having the same 
properties as those considered here and for a spin zero 
field interacting with a potential V (t,x) of the same 


type. In this last case, the equation of motion is 
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(+ m*) 9 (t,x) = V(t, x)¢(t,x) 


Although, up to now, are mentioned only cases 
where the external fields are in the space of smooth 
functions dee the results can certainly be extended to 
more general external fields. In fact, in later sec- 
GLOnNS;, We will treat explicitly certain .cases where 
A(t,x) is far from being a smooth function of time. 

We remark that if instead of perturbing the 
motion of free particles by introducing the smooth 
time dependent external field, one considered particles 
moving in a time independent potential (as we treated in 
the first chapter) and perturb their motion with the 
smooth external field, one could very probably use the 
same proofs with little modifications to obtain similar 
results. One would simply replace the distribution 


-iS(x-x')y° (from which are defined 
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~ih, (t-t') 
which is the 3-space kernel of the operator e 


by the corresponding kernel for the operator ee Catal 
h = hoo ey°y.A(x). Now, A (x) would be the initial and 
final time independent potential. The field p (t,x) would 
thus always be a well defined operator valued distribu- 


tion on Paoire via acting in the Fock-Hilbert space asso- 


Ciated with the particles in the constant potential A(x). 
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2) The Particles and the Energy Operator 


We now examine the physical requirement concerning 
the existence of an energy operator. This operator 
needs to be bounded below i.e. have a lowest energy 
state and must govern the time development of the system 
through the Heisenberg equation of motion. Since here 
the strength and (or) shape of the external field acting 
on the quantum system change in time, the energy of this 
system and thus its lowest eigenstate will also change 
in time. The energy operator then depends on time; we 
will denote it by H(t) and we must have for the field 


variable w(t,x): 


i se v(t.x) = [v(t,x),H(t)] . ab) 


i) It is to be remarked that the independent field 
variables for external field problems are p (t,x) and 

A (t,x) and that in fact the Heisenberg equation of 
motion for a general operator O(t) which is a function 


of Ww and A is: 


ro 


, ¢ ore 
1 3E O(t)= [O(t) ,H(t)] +ilse O(t)] 


explicit 


(222) 


where d0(t)/dt is the total variation in time of the 
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operator O(t) and [20 (t) /ot] is the partial 


explicit 
variation in time of O(t) due to its explicit time 
dependence. For example, the Hamiltonian operator 


H(t) itself will be a function of both w(t,x) and 
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PObeENeCeex ceria nieldauA (t,x), which is sche 
operator A(t,x)I, I being the identity operator in 
the Hilbert space considered, one has 


thie) fo ts 
1 = A(t,x)I = ifm A(t,x 
re Gte®) fone eR ts 


since [A (t,x)I,H(t)] = Actioy xo [te BCLs =n08 


13) We recall that a time independent external field 
does not create or annihilate physical particles and 
that the total quantum energy of the system is conserved. 
If then the external field A (t,x) were to be kept to 

its value A(t, x) for all times after toe there should 
be no more creation or annihilation of particles nor 
change in the energy of the system after to: That ass: 
the number of particles and the energy associated with 


the field ¥ t> ie and in particular for asymptotic times 
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will be the same as at time to: This fact, as we dis- 
cussed in the reference by G. Labonté and A.2Z. Capri 
[1972], can be used to define the physical particles, 
the energy operator and the vacuum state at any time 
ty for time dependent systems. 

Let us then consider an auxiliary field M7) 


defined such that it satisfies 


ea iene m) y(t ,x) = ey A(t yx) py (t,x) (25.2) 
O O 
and 


Wy, (t,x) = (tox) - | (2.4) 
at SS : 


This auxiliary field is uniquely defined since 
(222), and (2.4) combined, form a well defined (initial 
value) Cauchy problem. Manifestly, it would be the 
solution of the true equation of motion if A(t,x) were 
to be kept constant after time to: 

As we have seen previously, the solution ‘of 
eguation (2.3) cane be written as 
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where h(t.) = yo (iy.3 + Mar ey°y A(t. +X) is self adjoint 
for quite general t-independent potentials A(t, ,x)- Us- 


ing the initial condition (2.4), we then have 
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~ih(t,) [t-t)] 


v, (t,x) =e p(t rx) s C25 5)) 
m & me 
Since 
ylt,x) = ult, t')yz, (t'x) With t' < te ; 
we have 
-ih(t,) [t-t)] 
oes Bee) Vent .) a path E 


(2.6) 


This shows that for all times the auxiliary field 

is a well defined operator valued distribution on 

eee a -ih(t_) [t-t_] 
[L(E~)] since the c-number operator e u(to,t') 
is unitary on this space. It will satisfy, for all 
times t, the canonical anticommutation relations since 
y(t, 7%) was previously shown to satisfy them. 

For field motion in a time independent potential, 
we know how to extract from the field operator the 
creation and annihilation operators for physical par- 
ticles. The particles so defined are animated of indi- 
vidual motion; after a long time, if their energy is 
sufficient, they will be outside the region where the 
external field is and move as free particles while, if 
they do not have enough energy to eScape its attraction, 
they will remain bound in the potential. 

We recall that for the field Wy (t,x) moving in 


the potential A(x), these operators can be obtained as 


follows: 
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Bite) es Jeans a eed ee) 
Bee) = ap el PS = fatty, GOT yg (En 
7% -iw (a) * 
bat) = [ap ne (pbj(ple — * = faxlt, G0) 1" yy (tex) 
+ ; * + 1w (p)t * 

at(t) = [ap h*, (p) at (p)e = faxtt_, 00] ba (Er) 
(2.7) 

where f(x), (for (x)) are eigenfunctions of energy +E, 


a fe) , Oo 
Or hs= Ney y-A(x). sey = ete) where 


Heber @w;e1nS lead. OF Qa is used such that Dooly) will 


be the momentum distribution of the scattered freely 


moving particles. 


The particles creation and annihilation opera- 


tors-forsthe) auxiliary field at/any time t are thus 


obtained by taking A(t 1X) as A(x) and Vy (t,x) as 
2 ~ 6 S 


Yr (tx). They are 
SS x 
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where the functions £f are defined as before and carry 
: O 
the index ce of the operator DCE St ee ey y A(t 1X). 
The energy, charge and number of particles operators 
for the auxiliary field are known to be independent of 
GESOstiace, Ll weTOeceine ptt) = btt 7c) ana.atl.) = 
O Cueto O 


A(t o,ty)s these can be written as 


2 


— ne . 
Hy = [ap as w(p) {bg (prt) b, (prt,) + dg (prt) d, (p,t,) } 
4 af ny 
uF Plt wb (Le) bot.) ot Pee Oya ce a te) 
bie.) O; (2340 PLt_o Bre) OE O12: Oo 


(2.9) 
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these operators will also correspond to the energy charge 


and number of particles associated with y(t,x) at time 
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H = H(t.) P Qy = Q(t.) and N = N(t.) 
fo) O O 


The physical particles creation and annihilation 
operators at time to can be defined directly from the 


field p (t,x) as 


£ 
Oo * 
ec! faxt#,0601 y(t +X) 


+ Xo fe 
dy (t,) Jaxtt_S G0] W(t x) . (2.12) 


The less explicit but more succinct notation where 


eo ere errand “tA y= ele UTES 


has been used since now it is clear what the meaning 
of the indices and the properties of the corresponding 
functions are. 

We remark that this result is essentially the 
same as the one obtained by M.I. Shirkov [1968], 
[1968]'. However, his method to obtain these opera- 
tors is based on the requirement that the creation 
and annihilation operators diagonalize the Hamiltonian 
at time to: Ours stresses the fact that if one does 
not change the external field after time ty (such that 


a stable situation is obtained) no more particles are 
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created nor annihilated and the particles then obser- 
vyable are the physical particles which were in the 
system at time to: This justifaes more clearly why 
the operators (2.12) should be associated with the 
physical particles and specifies which set of positive 
and negative energy functions one should use in smear 


ing the field operator to obtain them. 


Di ) Simee 
p (tk) = ate tl) yy tt 7x) SOs tye oes 
upon using the decomposition of Van in terms of initial 


creation and annihilation operators, one obtains that 


(2.12) is the following Bogoliubov transformation 
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(2% 132 


These operators will satisfactorily describe the 
physical particles, of which the system is composed at 
time ty, when the Bogoliubov transformation (2.13) is 
unitarily implementable or equivalently, when there 


exists a vector ort eN.n such that 
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= = uy 
Pp to) IDE oft.» EB oe ee 0 ¥*¥E 


be (prt) |O>, =— 0 Gv p,s ds (prt,) |0>, = 0 “p,s . 
. O 
Can 14) 
fe will represent the zero particle (there- 
fe) 


fore the lowest energy and zero charge) state. When 
it exists the operators H(t\), Q(t.) and N(t)) will 


be well defined on dense domains in Fans 


iv) We now prove that the operator H(t.) as defined 
above gives the proper (i.e. according to the Heisenberg 


equation) rate of change of the field operator yw (t,x) 


at time to: Having 

- 9 om) 

50 Deane ey eciaa ae eS, 
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i + w(t,x) = Yuliya +m - ey.-A(t x). Jip (t ,x) ; 


Since the field operators coincide at time ty, one has 
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U) (Gyn) =i 
t at ~ tet, 


Since, furthermore, the auxiliary field is known to 


satisfy the Heisenberg equation: 
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red 
ige Y (tx) = Ty, (t,x), H, 
O O fe) 
for all times t, one has at t = te 
io vy (t,x) SalUantGh yx), He] 
O bie tat Cla a fe) 
fe) 
From equation (2.15) and vy (ty rX) = pltor), it then 
O 
follows that 
ie W (t,x) = [v(t.,x), H(t,)] 
ot Hs 6) See fe) 
t=t 
fe) 
i.e. the Heisenberg equation is satisfied. 
v) When the potential is time independent, the par- 


ticles annihilation operators appear in the expansion 
Brorecne field py (t,x) and ox) as coefficients” iain 
front of the positive frequency (or equivalently: 
"positive energy" since then the Heisenberg equation 
clearly means w = E) c-number solutions of the field 
equation. The annihilation operator part of the field 
can then be obtained by extracting the positive frequency 


part of the field as 
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and correspondingly, the vacuum state can be defined 


by 


vy) (t,x) | o> = 0 op”) (t,x) [0> = 0 “xX. Aa) 
Although this method could be formally applied 
eiso CoO time dependent external field problems, it 
would be difficult to interpret the physical meaning 
of the "vacuum" |o, (t)> so defined. This difficulty 
comes from the definition of en byvequation (2/216 )-. 


Using the Yang-Feldman equation, one can see that 


vO) (eae) = 020) (eno asi) (toy, x-yley-Aly)y (y)ay 
(2223) 


ROLet Imes: t ce the field is known to be v5, (tx) and 
there are only free particles in the system since the 


external field has not been "switched on" yet. However, 
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1S 


Since §S , unlike Sys does not have support only in 
Ehemrorward light cone, the second term in (2.18) 9is 
NOE null for t< oe so that 


pan (t,x) # yi?) Rea) e ehie MEG HB 


This shows that ee Coe) cannot be the part of the 


field y(t,x) corresponding to physical particles anni- 


hilation operators. 
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The method of decomposition into positive and 
negative frequencies can however be used to obtain 
the creation and annihilation operators parts from the 
auxiliary. field. since this field is the solution of 
an equation with a time independent potential. Thus, 
ateamearoitraryecime @, the part of the field p (t,x) 


containing only annihilation operators is 


F pe -ik.t icy tet 
i ' 
IT) | dk, e fat e v(t 1X) 
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where b, (t" x) PSaLhie Auxiliary) field. 
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3) Time Translation Operator 


One could consider as more basic the requirement 
that there exists a unitary time translation operator 


Uft,;t*) Such that 


p(t,x) = Ul (t,t")p(t'x)U (t,t!) Vetus and. stel J (3 1.) 


We will prove later the more or less expected result 
that this is exactly equivalent to the previous require- 
ment concerning the existence of a well defined energy 
Operator at all times. For the moment, we just show 
again how this problem reduces to the study of a 
Bogoliubov transformation. 
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There will therefore exist a unitary time tran- 
wiatvonsOperatormu(t,t)iat and only if the Bogoliubov 
transformation defined by the right hand side terms of 
(3.4) is unitarily implementable. We note that the 
operators on the left hand side of (3.4) are generally 
not the same as the physical particles creation and 


annihilation operators; they coincide only when A(t, ,x)=0. 
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The third possible requirement, as mentioned in 
Chapter I, is that one would not care about giving a 
physical interpretation to the theory for finite times 
but ask only that a) the field always be a well defined 
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describes freely moving particles for very large times 


(i.e. only the S-matrix should exist). 


a) The condition a) has already been shown to be 
satisfied. 

Pies cCOnatcrone) OOVLOUS|Y Can be satisried only 
if the external field remains constant to a certain 
value A(t,,X) after some time te. Otherwise, particles 
would keep on being created and annihilated in the 
region of the potential and these would still be non 


freely moving scattering particles. One must then suppose 


that 


NRSC ee Eula) Cn) Eagar 


As we saw in Chapter I, A(t,,x) should be é@ good scat- 
tering potential if the system is to describe freely 
moving particles for very barge times. 

The creation and annihilation operators for 
these particles, as is obvious from the discussion of 
section 2), will in fact be the operators (for (physical 
particles associated with the auxiliary field Bree) 
(which is here the actual field ¥ t > te). At any time 
te o> te, these are given by the equation (2.13) with 
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operators b(T > t,) ended (lies te) at one arbitrary 
time T>t, if and only if there exists a vacuum |O>, 


FOr aL tsb Thysls ooesance |O>, TS ornerace 


jet 
time independent for wilet = te due to the time 
independence of A(t,x) during this time. The present 


condition will then be satisfied if and only if the 
Bogoliubov transformation (2.13) with to = te (or 
equivalently ¥* t > te) is unitarily implementable. 
There will then exist also an energy operator 


H(t > ae (Cees gte euchuthat 


£ 
Machete) =e 2) [et] 
y(t,x) =e 7 7 Gia sais : Po teen 
eis) As above, for the vacuum state, the properties 


of the time independent problem imply that there will 
exilct,,datean arbitrary time To>t,, a ul tary operator 
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if--and sonly<i ft U(t,,t') exists. As is obvious from 
the previously mentioned property: 
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iH(t,) [t-te] -iH(t.) [t-t,] 
a ot : UT (te ty, (t', x)U(te,t!)e 
= p (t,x) 
Spe (28.4) 
ia f£ Me a ' ' 1 


Upon multiplying each side of this equation by U(t.,t') 


from the left and Bitter es) from the right, one obtains 


=i (t-t.) 
ac re ee ee eer) (3.6) 
where 
= ttt) (tt 2) 
V= U(t,,t")e £ t Care) 4 


This shows that it is always a necessary condition that 
~ih, (t-t,) 

the transformation e on the free field bs, (t' x) 
be unitarily implementable. 

This means that the Bogoliubov transformation 
defined by the right hand side of equation (3.4) 

~ih, (t-t,) 

where u(t,t") is replaced by e must be 
unitarily implementable. It is important to remark 
here that the conditions under which this will be so 
are completely independent of how the external field 
A(t,.,x) was obtained (i.e. "switched on"). The dif- 


ferences in switching on A(t, ,x) are taken into account 


completely in U(t,,t'). 
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Such’ a transtormation of a free fireld~as 


aaa Yin with an “arbitrary "a™ will ‘be studied 
in detail when we solve the problem where the 


external field is A(t,x) = B(t-t_ )A(x). 


Fi) The requirement that only the final creation 
and annihilation operators represent physical par- 

ticles seems to be weaker than the others mentioned 
up to now since the Bogoliubov transformation (2°83) 


then needs to be unitarily implementable only for 


However, it seems very reasonable to accept 
that, during an experiment in which an external field 
A (t,x) is "switched on" from A(t. ,X) =30N1Cone. -could 
decide to keep the potential constant at any time 
enrets and that then physical pavietered should be 
observable in the system. If this is accepted, the 
present requirement becomes exactly equivalent to the 


one discussed in section 2). 
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4) Example: The Scalar Field with a c-number Source 


The model we will now study does not describe a 
scattering system in the usual sense but is useful as 
an example to illustrate how the method previously 
discussed can be generally applied to obtain the phy- 
Sical particles creation and annihilation operators. 
eneetTeld operator solution to this model is well known 
(sée,FoOrsexanplesPs Roman, |1969]). Although it was also 
treated as an example by Shirkov [1968], our treatment 
with the auxiliary field method can be seen to be much 
more direct. In his case, one starts with the Hamiltonian 
as given from the Lagrangian formalism and, more or 
less guesses which creation and annihilation operators 
will be such that the Hamiltonian is diagonal. [In our 
case, the creation and annihilation operators for the 
physical particles are directly determined from the 
field operator solution. The energy operator is then 
defined such that the energy is simply the sum of the 
energies of all the particles. 

We also find the unitary operator relating the 
creation and annihilation operators at different times; 
this was not obtained by Shirkov. 

Our additional final discussion of the case 
when the source is kept constant after a certain time 
also sheds much light on the nature of the physical 


system so described. 
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i) In this section, we give the solution to the 
equation of motion. We will be considering a system 
of bosons; the corresponding problem with fermions can 
be treated in much the same way. 

The differential equation of motion for the 


field operator is 
(OD + m@)o (t,x) = p (t,x) (4.1) 


where the external source p(t,x) is real and taken such 


that 
PCE ier) Oe ete GELS. 


Under this condition the system at times ace is des- 
cribed by a free boson field 5, (*)- It can be in any 
state where there is any number of free particles 


present. For Pan? we use the standard decomposition 


Te a8 Eton et ead ee x 
pd. (x) | —— {a(k)e Pore te Ney CE a ca ey 
in (20) 3/2 Folios ag a 
5 (4.2) 
where k.x = w(k)t - k.x; w(k) = k*+ m* - The opera- 


tors "a" and "at" satisfy the usual commutation rela- 
tions for bosons creation and annihilation operators. 
The solution of equation (4.1) with the above 


initial condition is easily seen to be 
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d(x) = Eee aE Ja, Gey) p (ay (4.3) 


where A(x) is the fundamental solution of the Klein- 


Gordon equation defined as 








A) = —9 (x) A(x) (4.4) 
with 
1 dk TK 3 
A(x) = - | —e) --sin @(k)t 5° (4.5) 
(2n)3 w (kK) a: 
ii) We now define the physical particles creation 


and annihilation operators associated with this field 
at an arbitrary time to: This is done by using the 
auxiliary field method discussed in section 2). 

The auxiliary field 4, (*) must be a solution 


of the equation 


CMe ayo mec un (t,x) (4.6) 
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with, here, the Cauchy conditions 


(B%q ) (tor) = (849) (tor) (as 


THis £LeEla 1s easily gotten for times t = tor Leawiae 


Simply be given by (4.3) where p (t,x) is kept at the 
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value p(t. +x) fom allit > ty. it is then 
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For t > toe using equation (4.4), one can rewrite this as 


t t 
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(4.9) 
By generalizing this time dependence to all values of 
t, one obtains the field which satisfies (4.6) and 
(4.7) i.e. the auxiliary field Oy SOs e ets Fourier 
O 

decomposition is easily obtained and one can then see 
that it can be written simply as 
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From the time dependence of the auxiliary field 
(4.10), it is obvious that the generator of time tran- 


slations i.e. the energy operator is simply 
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are satisfied. 
In terms of the field operator variables, the 


energy operator can be formally written as 
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oe ps 
1 1 0 (tok) | 
Cee. ae fax w.{k) = > [ax swear arto eer 
iy i » w (kK) 
The first:-term: $| a w(k) of c, is the normal infinite 
* > O 
term which has to be subtracted in the expression cor- 


responding to (4.13) in the case of a free boson field 


fie. Whean p(x) "= 0). 


jes) Theabove results hold for any arbitrary time to 
so that one can write in general the following decompo- 
sition forthe’ field-¢(%) into ‘particle! creation and 


annihilation operators: 
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[A(k,t), A'(k',t)] = 6(k-k') 


[A(k,t), A(k',t)] = 0 e (4.16) 
The energy operator is 
H(t) = [ax w(K)A (k,t)A(k,t) : (4.17) 


The energy spectrum at any time is exactly the 
samé~as forthe initial free’ particles. 7The® lowest 
non-zero eigenvalue is m which is the lower bound of 
the continuous spectrum. The operators a‘ (k,t) 

(A(k,t) ) create (annihilate) quanta of energy of 

mass m (and spin 0) so that these quanta are particles 
of the same nature as those which can be initially 
present in the system. 


the vacuum state at time t is defined by 
A(k,t) |0>, = Oo (4.18) 


SEice this state Must be in the initial Hilbert: space, 
one can write it as a linear superposition of initial 


basis states: 
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Replacing: this’ and ‘the definition (4.15) of A(k,t) “in 
(4.18), one can equate the coefficients of O-particle, 


l-particle, etc..... states separately and obtain that 





nan) 
a (kyreeerk, t)= 42 1 VIWIKRIS(k, t)a0%(t) (4.19) 
‘ iad ange a ntesl ‘ sh 
where 
i : iwy, ¥ eiwt s 
S(k,t) = | dy, e Ply rk) - meee ar . 
¥2w(k). _ v2 w 
One now can determine a°(t) by demanding that 
|O>, be normalized to land with the solution (4.19), 
one can write (ea Simply as 
ys 1 2 t 
(Cee exp[- 5 |dk|S(k,t)|“] exp[-|dk S(k,t)a (k)][0>,. . 


(4.20) 


Since the two sets of creation and annihilation 
operators A(k,t), A’ (k,t) and a(k), a! (k) have both a 
vacuum state in Ls, associated with them and are irre- 
ducible, they must be related by a unitary transforma- 
tion. This can be gotten here simply by symmetrizing 
the operator on the left hand side of the above equation. 


One obtains the unitary operator 
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With the help of the formula 
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where 
247 (BLA) = [B, 2, (B,A) ] and 2, (BLA) =A , 
one can check that 
ees SNe (4.22) 
One has also 
AE) = Te) ne T(E) 
in 


where Hin is the initial energy operator: 


lan = [ak wi(k)a’ (k)a(k) . 


Similarly the number of particles operator is 


By (SATA) aN) 
where 


nin = Joe st 0008 


T(t) is the unitary time evolution operator for 


the particles creation and annihilation operators 
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describing the system. It is not however Caee time 
evolution operator forthe field variables; this is 
due to the fact that the creation and annihilation 
Operators have an explicit time dependence and satisfy 


the Heisenberg equation (2.2). 


iv) The following remark sheds much light on the 
physical nature of the systems described by the equa- 
tion considered. 

As soon as the external source is kept constant 


in time, say after a certain time t a stable situa- 


ge 
tion is Obtained, as it should. The particles creation 


and annihilation operators are given by 
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The first term containing the operators A(k,t.), 
Bae) is simply a quantized free boson field. 

Since it describes all the particles which could be 
present in the system at time t, it is clear that the 
System will contain only free particles; this will be 
SQrtorealls times €.> ty. Dnessecond term of (4,23) 

is the stable constant c-number field established around 
the source p(t.,x); RESLeesuch= that 


e) 8 
are ore) oe 


and satisfies the equation 


(D+ m)B(t,,x) = plt,,x) . 


A long time after t the particles in the sys- 


a 
tem will all have drifted away from the region of the 
source where only the classical field due to the c- 
number source will remain. 

The particles are here moving freely in the 
field of the source because the two fields, quantized 


and classical, are of the same nature and the two do 


noe interact. 
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5) Example: The Volkov Problem 


The problem of describing charged particles 
interacting with a monochromatic wave has aroused 
considerable interest as can be judged from the partial 
list (16) of references on this subject mentioned by 
TeWEB. Kibble [1966]. 

The Klein-Gordon and Dirac equations are 
exactly soluble with such an external electromagnetic 
field. Their solutions were first obtained by D.M. 
Volkov [1935]. Since then, there has been a contro- 
versy over whether or not the formalism which we will 
describe below should be valid and what is the proper 


mse sot the Volkov solutions. 


i) Let us consider the system consisting of a 
charged boson field interacting with a classical 
electromagnetic wave. The external potential is A(n.x) 
where n = (non) 1s a light-like 4=-vector i.e. nin = 0. 


The orientation of the space axes is here chosen such 


that the x) axis Jis parallel sto n so Giiateon ea Ciel Oy) 
and n.x = (t-x,). A(n.x) satisfies the equation 
oa" (n.x) = 10 


together with the Lorentz condition 
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3 AY (n.x) = 0 
L 
which reduces to 
naAdn.x) =) constant . 


It is also taken to be a "wave packet" in the sense 


that 


lim AH (n.x) = () + 
[n.x| > 


this implies in particular that 


NeAln x) '= 70 


ahve A, (n.x) = A, (n.x) 5 


The differential equation of motion for a charged 


Spin zero boson field in this potential is 


(1a - deal (n.x)] [9 - dea, (n.x)] +m7}9 (t,x) =O. 
Upon using 

a AM (n.x) = 0, 
this becomes 


[O+ m“]¢ (x) = [2ieA, (n.x)a'+ e°A (nex) AM (n.x) 19 (x) 


Uo) 


and the field o* (x) satisfies the complex conjugate of 


this equation. 
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The c-number equation (5.1) is easily solved by 
finding an operator T(n.x) such that if f(x) is a solu- 
tion of the free Klein-Gordon equation, TE(x) will@be 
aesOLuUcton Of (5.1). 


mec Us SUppOSe that ©£(x) “1s Such that 


We (x) = —m*£ (x) : 
When this equation is transformed by T, it becomes 
9. 
Pot (4) Se—m i Th (sx) - 


This will correspond to equation (5.1) when 
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aT 


Chino [2ieA (n.x).d+e7A(n.x).A(n.x)]T , 


2 ( 


eng) 


The operators (no), A(n.x*).9 and A(x 2A (nese) cat 
intercommute. (n.d) has an inverse on the space of 
solutions of the Klein-Gordon equation so that QSnS:) 


can be written as 


aney § s: 2 
dmn.x) ~ Dtu.o) (2ieA.9 + e°A.A)T . 


The solution with the condition T*>TI as (lie x) oo eS 


simply 


Hao 1ahn.< 
T= exp secay|2iel | dy A(y)].d+e| | dy A(y).A(y)] 


(5.4) 
and this operator has an inverse. 
If we consider for example the particular solu- 
-~ilw(k)t-k.x] 


tion of the free equation e ; the corres- 


ponding solution of (5.1) is simply 


= e ik.x = a7 ik.x eid (k,n.x) (550 


where J(k,n.x) is defined as 
fae eed 


A(y)dy].k+e*[ | A(y) .A(y) dy] 
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21 193 


all commute with the external field A(n.x) so that 


The differential operators Tn eh) eis 


the Volkov solutions can be characterized by their 
eigenvalues. The solution (5.5), for example, is an 
eigenfunction of (n.d) with eigenvalue [w (k)-k,] and 
of 193, and 13, with eigenvalue ko, k,. 
is} To obtain an operator valued distribution which 
would satisfy equation (7.1), a method commonly used 
(see, for example: L.S. Brown and T.W.B. Kibble [1964], 
J.W. Meyer [1970], R.A. Neville and F. Rohrlich [S71 18) 
is essentially the following. 

Oney Knows that the solutions.of (5.1) can be 
related in a one to one fashion to free Klein-Gordon 
solutions. A quantized field satisfying CS) wwe 
then be obtained through the action of T on a quantized 


free field distribution >, (x). This is 
p(x) = T(n.x) >, (x) (5.7) 


where the free charged boson field has the usual decom- 


position in creation and annihilation operators: 





dk j , 
oe) [1a mye 1h 4 Bie i NCS ¢8) 
V2w (k) 
The two sets of operators ia(k), a’ (k)} and {b(k) »b' (k)} 
intercommute and both satisfy similar commutation rela- 


tions: 
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[a(k), a'(k")] = 6(k-k') [a(k) ,a(k')] = 0 . (5.9) 


These are defined on the usual Fock-Hilbert space for 
free bosons systems. 
Uponsreplacing, (5.6) in (5.7), the: field o (x) 


is obtained as: 
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and its adjoint is 
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+ b(k)e : Co eels) ) 


In the work of Neville and Rohrlich [1971] a 
different, however equivalent, set of variables is 
used; we shall describe it briefly. Instead of using 
the variables k, one can use variables which we shall 


call ol defined as 


a, = w(k) -—k (40) iy) aoe =a Qos aica yes (So.22) 
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‘ Pal D 2 
Pein ae jake Th) 
hee! 2 2 2 
pal eT ae ey: 
1 
k, = a5 ; k, = A 3 : (5423) 
-il[wt-k.x] 
The free Klein-Gordon solution e acanule 
written as 
-i[wt-k.x] 1 > 5 Oy 
e Sy waexp ilss—(a° +m ) (t-x,) + ss (ttx,) +a.x] . 
ak 


This solution when multiplied by the factor Weis Spee 
BOP tie proper normalization, will be denoted by £(a,x). 


I(k,n.x) can be written, in terms of these variables as 


L(k,n«.x)= - 7e_[2e1A, (n-x)oy - Aln.x) a) + e7A(n.x) a(n.) | 
a 


and-the-Volkov’ solution: (54 5)*as 


f(a,x) e « ; 


The free field operator (5.8) becomes 
bo (x) = fdafa(a) £la,x) + b'(a)£(-a,x)} (5.14) 


with 


[a(a),a'(a')] = 8(a-a") = [b(a) ,b* (a')] 


Il 
oO 
Il 


[a(a), a(a')] [b(a) bla')] . (5.15) 


te = “ 
t _t i= 
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ee i* | - 
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The field ¢(x) defined in eguation (5.10) is equiva- 


lently written as 


=) Ue Il ek) 


~ 


-iJd (-a,n.x) 


o> (x) = faa [aia) f(a xe +b" (a) £(-a,x)e 


(Se-16 ) 


aarac) What leads to the controversy over this problem 
is that certain authors (for example, I.I. Goldman 
[1964] Ae MONDKkishov and \,a .URitusias 96 4)jeacandocthe 
previously mentioned authors) effectively interpret 
the Volkov solutions as the wave functions of the 
electron in the sense of ordinary quantum mechanics. 
This is considered explicitly by the two first authors 
mentioned while in the treatment of the others, this 
comes about when the physical particles creation and 
annihilation operators are taken to be those appearing 
in the decomposition (5.10) or (5.16) of the field 
operator. 

We want to show explicitly in the next sections 
that this formalism (i.e. the quantization procedure 
described above) does not in fact agree with the usual 
ways of. quantization. ..That is: the field operators, do 
not satisfy the canonical equal time commutation rela- 
tions and, what is more difficult to accept from our 
point of view, the Heisenberg equation of motion is 


not satisfied. 


he i on * pe 
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(9f.2) : 
ioidexq eit tevo yaxevousnon edt oF-absel Sady (tii ; 1 
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iv) In the following calculations of commutators, 
either expressions for the field (5.10) or (5.16) 
can be used. If one uses (5.16), the commutators can 
be calculated using the commutation relations (5.15) 
and then the variables of integration 0, in the inte- 
grals can be changed to k according to equation (5.12). 
Exactly the same results are obtained as when using 
Gan 0?) 7: 

The commutator [6 (x) 6° (x")] has already been 
calculated in closed form by L.S. Brown and T.W.B. 


Kibble [1964]. The following result has been obtained: 


Peed (x!) = ier 47%) Ay (xx; M7) (5.17) 
where 
1 ox 
ae : Aikey Gl 
(nex — nx 4 y Y 
ne 
and 
Bacon (n.x,n.x!' jm) =m = e* Ran ses INIA mo : (5.13) 


The distribution A (x-x' gM?) has the same form as 

A (x-x' m7) which is the corresponding result of this 

commutator for free fields. (The mass m is replaced 
i] 


hére by MM)". (‘In parti¢ular, if XGQ= X50 the commutator 


vanishes. 
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The Lagrangian density corresponding to the 


SquaeLona( 5a.) ois 
L(x) = (3,67 + iea 97). (aMg - dealg) acre: 


where B.C = > (BC + CB). The canonically conjugate fields 


are then 
af dL Ti : + 
Hy Gs) (309) (950) FER td) 
dL . 
II (x) = ——, = (0 6 - ieA 9) ; 378.9") 
") a (sar) fixed : 


and the Hamiltonian density is 


H(x) = (3467). (3,6) + (vo! + ieagt). (V6 - dens) 


es eee e°at gg ; (B20) 
We now calculate the equal time canonical commu- 


tator 


[ob (sce, 


py =x! : 


Since we know that 


(d(x) O71, = 0, 
On6 
all we have to calculate is 


a 
[o(x), 22) (x')] ; 
ox 


’ 
x =X 
© Oo Oo 
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From the expression (5.17), one obtains: 














* 5, t = 7 
[o(x), <tr 6% (x")] ee ee i 
ox ‘ Ox ! 
fe) xX _ =X fe) x =x 
Oe) Bye) 
Cy La) 
The right hand side of this equation is 
. a 1 =e 
te alex = FY ie ntacx! im?) | 
=o x =x' 
eye ae) 
° a = 
is oe 35) A <a | LA (xox?) | 
4 M? fixed ehicats 
mel Ge Gex').A 2 A Ne 
a= (= lees iA (x-x';M 13] 5 
x 
oM O 1 
other XG=XG 
variables 
fixed 
(5522) 
Upon using -for, A(x), the representation: 
2 
2 th dk ik. (x-x"') eo 
A(x-x';M")=- 3 — e sinJjkstM (X0-X6) 4 
(27) a 
(574253) 
one obtains: 
ik o(x<—x*) 
ee A (x-x' pM?) = — 5 {ak Soy tia 
= M°fixed (21) 
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dak ik. (x-x') 
—, ae Ae i 5] “8 e e x 
on other 2{2m) k 74M 
variables ‘i 
fixed 


sin/k*+M* (x -x!) 


ae Pay a Welk ee fr oO Or, 
| xX) cos k +M (Xo Xo) . 


Coie oo) 
The following identity will also be useful: 
gee 
nae = 5 1 
ou. Ox" (1.x =n.x) | ny, 
Oo Oo t 
Weve 
ee een CEC (ex) | (5.26) 
Cops Bri tor) : ‘ . 


The terms (5.23), (5.24), (5.25) are easily evaluated 
when xX = Xo a) > e2ee7and (5.25)" are null and (5.24) is 
O(x-x'). The terms (5523) manda 5.25) sappearin(5.22) 


multiplied respectively by 


3 Beta) A 


ox! 
oO 


2 ' : Ti AAD , 
and 3M [2X6 which are finite when X= XS and x # x4 


and can be infinite when x) = xy as can be seen from 
equation (5.26). We thus obtain that 


[b(x) , or O) (x!) Ae Oewhent io x)) 
Oo <i 
Oo Oo 





Swe 
7 
¢ ‘ ft 7 
; od AD s 6 
2 = eer m= te (OMS eee) A “ae 
{ ~ ¢ w s 






tsrdto 


#i 
2sldsitsy—~ 
bexit2 
cr : a 
“id } Mis c= idea satin! } 
| ov! 4 . ,? Ns hin & Ft 1 ra 
) —— eK) Mt A B00 ( xe x) |x 
ek Q-. 8 . * oe. 8 
\t ? 


:-{utseu sd oals {fiw vatinebi pitwollot edt 


Me tee ale 





as 
: 
o 5 i oy 
c) i (° #.) D6 4 7 © ae ae 
) (*X. = %.f) 
i 
B ss > i[reea ~s f . pr ‘he 2 f ‘ie | in , 
Liess. 3% cxs.¢} ,{B8S.E) . (68.28) eased aft 
, i} 
( fcr oe sae +} lee ie oll — _ ae! 
i Lim O46 {(ca.c} BAB (ER.é) 5 x = xX ASnwi 
ss 1 ©) se rie . 
7 
oa rs BE ctcleres= ( ¢ 2) Ports {ES 


' es 
.-€) amuss onT .('x-x)d" 


beilqtdius 


99 


To obtain what ‘this commutator is for x) = eg one 
could use L"' Hospital's rule but it is simpler here 
to calculate it explicitly? 


From equation~¢S. I) 4for oT (x) and upon using 


; t 7 q 
[xs + ieA, (n.x!)] olk-x eit (kK n.x ) 
fe) 


re iWlk,, k, A(n.x')] oik.x' eid (k,n.x') 

where 
[w (k) +k, J 2.2 
W[k, ,K,A(n.x')] = [u (k) + —5—F- [2ek (nx!) +e A Coane 
‘ 2 KS hae 
we obtain 
dk Peg ont: , 
[GS Sater a ork Gag tl Xt Un) Fe) 
: (27) V2a (ky 

meee ker legiae gt *) Db (ic) } 
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: enya 
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itll ae ae ae 
= aE ler W[k,,k, A(n.x) Je 


dk [w(k)+k,] 


ee es = cri ae 
(20) Rye So kam] 


[2ek.A(n.x) +e“a(n.x) 1a 


a otk: (x=x") ; (52.7) 


The term containing ky as factor does not contribute 


to the integral since it is an odd function of k. and 





ih 
+00 
J dk, odd function (k,) = 0. (5.27) is therefore 
+. (pe [ax,) [axa + —> — [2ek.a(n.x) +072 (n.x)]} x 
(271) 2 (k?+m) 
x elk. (x-x') 


The first term of the remaining integral is 


The second term 


2ek A(X) ik w(x-x") 
Jax —>—- e * ae 


2(k7+ m*) 
can be evaluated with the help of standard mathematical 
tables and one obtains 
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where | |x] | = [x5+x4]° and K,(y) is a modified Bessel 


function the behaviour of which at small y is 


K, (y) 2 Ole ky tae 


KI 


end whieh for -y s> 1, decreases exponentially. 
The third -term 


dae) 
e- - 


ae Ps 
=z A (n.x) fax 


can also be evaluated exactly from standard tables and 
onevobtains for it 
Pane 
me*A” (n.x) Ky[m||x-x"||J 


Ko Cy) is again a modified Bessel function which for 


small y is as 
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and for large y decreases exponentially. 
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This can be written as 


[o (x) ,I 


GIQYSS US, Sage -k19 
¢ ee eee ~ ON 


2 
+ i ODay 6 (x4-x}) A? (nox) K, Em| |x-x" | |] 


Ke bm) | xax ly 
- SB 6 (x, -x1) (x-x') -A(n.x) eo 
(5.28) 
= 16 (x-x") + F(x) ,X,X') (529) 


Since F is non-zero this is obviously different. from 


the equal time canonical commutation relation. 


v) We now show that the Heisenberg equation of 
motion is not satisfied. 

It is generally admitted and has been verified 
with all other models considered in the present work 
that the energy operator can always be written formally 


as 
ue) s = fax H(x) + c 


where c is some constant. (The knowledge of c is not 
important here since we will only be calculating com- 
mutators with H(t)). The time evolution of the field 


operators should then be governed by the equation 
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In order to obtain: the commutator on the Gigi 


hand side of this equation, we still have to evaluate 
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Upon using again the expression (5.17) for the 
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We now show that the first and third terms of this are 
the same as those in equation (5.22) except for the 


Sign which is the opposite. We have 


. = 1 — pic a . = q =e 
dQ gte(x-x').A _ fiea + Yel(xaset a 24 jete (x x) ‘ 
aX) at aX} 
since {pt C=, = =e €-and A,ieAA thastiis 
OX} 9X6 a: Ou 


so that the first term of (5.32) as the same as for 
(5.22) with a minus sign. The same holds for the third 
terms because aM*/ax, Ss -aM*/ox!. 

The second term of (5.32) is easily evaluated 


with the help of (5.23); 
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g AT ax? 
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It is now easy with H(x) as given in equation 
(5.20) and the commutators that we have calculated to 


obtain that 


[9 (x5) , | ax H(x5,x')] = i — p(x) + 
fe) 
+ Jag? xg") [yee gar + Lea, (n.x)]9 (xg /") (5234) 


By comparing with the Heisenberg equation (5.30), it 


is obvious that it is not the same. 


Vi) We have thus proved that the quantization of 
the Volkov problem according to equations (5.10) and 
(5.16) is not in agreement with the present general 
RpeOlysOL externalsrieids.. Until further study, we 
BHeTCLOre dgree with 2. Fried and J.H. Eberly [1964], 
eee leds i. baker;,, D. KOrtt |1966), M... -Shirkov 
[1968]', in that the Volkov solutions, even though 
they are exact c-number solutions to the time depen- 
dent equations, might not be so useful in treating 
the quantized field problem (at least not in the way 
which has been examined here). 

A GQilticuity with this problem ities in that 
the quantization is not fixed by an initial condition 
like when the external field is null at some initial 


time. In order to obtain a satisfactory quantization 
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Or the field, One could start *from the most general 
c-number solution of the equation of motion and find, 
with the help of the auxiliary field method, on which 
coefficients of the general solution the commutation 
relations of creation and annihilation operators 
should be imposed. This should give the proper phy- 
Sical particles creation and annihilation operators 
and the Heisenberg equation would be satisfied. 

With regard to the use of the Volkov solutions 
as the wave functions of electrons in the sense of 
non-relativistic quantum mechanics, we make the 
following remark. The use of a c-number solution 
of the time dependent Klein-Gordon or Dirac equation 
to calculate transition probabilities between two 
agers justified only when the creation and anni- 
hilation of particles in these states can be neglected. 
(This will be seen in more details in the part on the 
S-Matrix In section 2) of Chapter IV). In the present 
case Of a, sustained radiation field, it is far from 
obvious that particles will not be continually created 
and annihilated along the path of the wave so that 
this would give a more and more important contribution 


to any transition amplitude. 
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CHAPTER” EIT 


GENERALIZED BOGOLIUBOV TRANSFORMATIONS 


Introduction 


In many interesting problems where a quantized 
field interacts with an external field, the differential 
equation of motion for the quantized field operator- 
valued distributions are linear and homogeneous. This 
was the case, for example, in the previously discussed 
problems where charged particles are acted upon by a 
classical electromagnetic field. 

As we have seen, examining the physical require- 
ments that there exists a unitary time evolution opera- 
tor or that new creation and annihilation operators are 
related to physical objects, reduces in both cases to 
studying Bogoliubov transformations. In other words, 
when appropriately written in terms of particle crea- 
tion and annihilation operator variables, the equations 
of motion become generalized Bogoliubov transformations. 

The present chapter, where we discuss the general 
properties of such transformations, is therefore very 
important since it is really a study of the general 
solution of the operator equation of motion for all 


external field problems of this class. 
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Particular attention will be given to the 
question: when is there a vacuum (zero particle) 
state associated with the transformed creation and 
annihilation operators in the Fock-Hilbert space 
determined by the initial creation and annihilation 
operators? This question, as we will see, is equi- 
valent to asking: when is there a unitary operator 
relating the two sets of creation and annihilation 
operators in the initial Fock-Hilbert space? 

In the case of boson fields, the conditions 
under which this is so, together with the explicit 
form of the unitary operator implementing the trans- 
formation were derived by K.O. Friedrichs [1953]. 
These conditions are also mentioned by B. Schroer, 
R. Seiler and A. Swieca [1970], who refer to a dif- 
ferent proof in the work of D. Shale [1962]. The main 
result is that the Bogoliubov transformation will be 


unitarily implementable if and only if 
-l 2 
dads | dyM, (y,a)M, (y,B) | ice 
for either a transformation like 
Be Jaan, (y,a)a(a) + fagm, (y,8)a" (8) 


or with two different operator variables as (1.1). 
This is also the necessary and sufficient condition 


for the existence of a new vacuum. 
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In the case of fermion fields, when M, has an 
inverse, the above condition (which is equivalent to 
fayas|m, (y,8) |? < ©) is also necessary and sufficient 
for the existence of Names operator implementing 
the transformation. This was studied together with 
boson systems by Friedrichs. A peculiarity of fermions 
however is that the relations,(1.7) and C59)) below, between 
the M,'s are not sufficient to guarantee the existence 
of an inverse to M, (or M,)3 contrary to the boson case 
where a minus sign would appear in front of MM; and 
MM, in the corresponding relations. An additional 
physical restriction on the external field would then 
probably be imposed by requiring My to exist. 

This is why more caution seems to be required 
when dealing with fermions, as already remarked by 
B. Schroer, R. Seiler and A. Swieca. However, in the. 
article by R. Seiler [1972], the following result is 
mentioned with reference to a theorem by Shale and 
stinespring [1965]: it is sufficient for a unitary 
operator to exist that M, is such that fayas|m, (v,8) |? oo 


(and M, such that faaaa|m, (0a) |? <0), 


3 
This result is nevertheless incomplete in that 


the nature of the new vacuum states obtained and of 
the unitary operators implementing the "strong" 


Bogoliubov transformations (i.e. those where My" or 
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x. -l 4 
or (M,) do not exist) were not known (cf. remark at 


the endo ot the talk given by KR. seirter [L972y" ye" It 
is one of our major results to have found’ the explicit 
form of these (see G. Labonté [1973]). 

In the first sections of this chapter, we give 
the definition of generalized Bogoliubov transforma- 
tions and obtain in a Similar fashion as ~Capri~ [1969] 
the equations which must be satisfied by the components 
of the new vacuum state when it is expanded in terms 
of initial Fock-basis states. Necessary conditions for 
the existence of solutions are then found and in the 
subsequent sections 3)-7) we solve the equations 
explicatly. 

“While the main result of these sections is the 
finding of the exact form of the new vacuum state, 
another important result is obtained. This consists 
of a simple proof, using only elementary mathematical 
concepts, of the necessity and sufficience of the above 
mentioned conditions for the existence of the new 
vacuum. 

The results obtained in section 3) concerning 
the solutions of the aHec era eble integral equations 
are more complete, even in the case of "weak" trans- 
formations, than previous treatments in that a series 
solution is obtained instead of simply a symbolic or 


formal solution. 
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In section 4), we prove a theorem about a 
general property of linear equations for antisymme- 
tric functions. This theorem is used later mainly 
to prove the uniqueness of the solutions found but 
it is undoubtably of more general interest. 

As we ;iuscuss in. section 8), once the form 
of the new vacuum is obtained, it is easy to see 
what is the general effect of the Bogoliubov trans- 
Formation. , We will .show that it®can be decomposed 
in a product of simpler transformations and from this 
we obtain the unitary operator implementing it. 

This also proves straightforwardly that the 
conditions obtained are necessary and sufficient for 
the existence of a unitary operator ip vement sag the 
Bogoliubov transformation. 

Finally, in section 9), we discuss some of the 
implications of having "strong" Bogoliubov transforma- 
tions with particular attention given to the non- 


conservation of the charge. 
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1) Definition 


We consider transformations of the type 


B(y) fatty (y 10) (a) + faem, (y 6a" (e) 


D* (x) faaM, (0.0) b (a) + faem,(0.6)4" (B) ey) 


where the four infinite sets of indices {a}, {8}, {fy} and 
{\} are not necessarily the same and each one can be dis- 
crete or continuous or have both continuous and discrete 


elements. Integrals, like 


faa, mean [ac + ) : 


a 
(over continuous q's) (over discrete a's) 


In equation (1.1), b(a) and al (g) are operators such 
that with their adjoints they satisfy the anticommutation 


relations 


iT ’ — . t = 
EN Cy Wn CR Br Se VO Ber Ca Bae) Saas 


(i 2) 


with all other anticommutators vanishing. It is understood 
that-for continuous values of the indices,ythese are opera- 
tor-valued distributions i.e. they are well defined operators 
only when smeared with a square integrable function of the 
index. 

They are defined on the Hilbert space AL consisting 


of states 
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Such that 

coli =F) D) [aan Se l9 78) |? < © a4) 
and where by definition 

[On 7 Bo? a Pano! 7B? 


= Bitag db! (ye =p! ta jal ie: jat(ay) 
eee SPOS (1.5) 


and the vacuum state |O> is such that 


b(a)|0> = 0 va d(gp)|0> = 0 oe a) ee (1.6) 
; : QO 
We will nny the notation ( nl je = (Oy Ogres +Os_prGiyyr---a,) 
and (a OX) = (Oy phar ee eA pry Os rye). 


The anticommutation relations of the operators B, D 
will be of the same type as for the operators b, d when the 


following relations hold between the M,'s 


fan, Cy adm (y* 0) + faem, (y 8) M5 (y',B) =, scl (1.7a) 
foam, (0 ,0)¥5 0" -a) ote fagm, (0,8)5 0" 8) = Sy ys CUS/b) 
faa, (7.0) M§ (Ara) t foam, (y 89% 0/8) = 0 (Tec) 


By demanding that the transformation (1.1) had an in- 


verse and using the relations (1.7) together with the similar 
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relations for the inverse transformation, we can see that the 


inverse is the adjoint of the transformation (1,1), i.e. 


bia) = faymy (00 BOY) ap faam§ 0,0)" (0) 


a’ (8) = faymy (7,8) BY) + faam§ (0,697 (a) (5 3) 
with 

fava, (adm (y/0") + farm; ,0)m§ 0") = Sua! Chie a) 
fava, (7 .8)M3 (7/8") up farm, (0, 8)mg O89) = Sear (1.95) 
fav, (7.0) (18) + fam, (Xo) M4 (8) =e) CY20 Cc) 


It is easily seen that the requirements (1.7) and (19) 
are meaningful if and only if the M.'s are alle integral 
kernels of transformations of square integrable functions 
of the indices into other square integrable functions. 

Tis) is also sufficient, for the 8B, Bie, Dy, Dt to be well de- 


fined operator valued distributions on all #. 
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2) Necessary Conditions for Existence of a New Yacuum 


We want to examine under what conditions a state 


lo > e # will exist such that 
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and using B(y) as given in equation (1.1),we obtain that 
the following relations between the poms must exist in 
order for B(y) 16 .> to be null. 
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(2.6) 


We can find immediately a necessary condition for the 


equations (2.3) and (2.5) to have square integrable solutions 
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required by relation 


(Square integrability of yo 
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From the equations (1.9), we have 
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and supposing that pot be was non-zero and square inte- 


grable; because of equation (2.8), the second integral above 
is finite so that in fact we need the first term to be 


ite eco. 
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Repeating the same argument with equation (225),,.we can see 


that we need also 
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= Properties of the Kernels of the integra | Equations 


Obtained 


In the usual treatments, it is assumed that the 
integral operators M, and Mi, have inverses so that a 
unique solution to the System of equations (2.3)-(2.6) 
is immediately determined by the action of the inverse 
Operators. For example, if we consider the equation of 


Eype, (2.3): 
fam, (ya) ¥ (a) = o(y) with $¢(y) « ie F (ea) 


the solution is written simply (formally) as = Mio. 
In the present case however, we do not assume that my 
nor (mt) exist so that we need to study these equa- 
tions more carefully. 

We will derive in this section various general 
properties of the integral operators involved in the 
transformation (1.1). The conditions under which there will 
exist solutions to the one variable integral equations 
(as (3..1)) wwill be: founds Wwe will give also explicitly 
these solutions in the form of series the properties 
of which will be discussed in detail. Even when M, and 
My have inverses, the solutions in this form are also 
more useful than the symbolic Mio, for example. 


Let us start by examining equation (3.1). 


- erase —— ee 





ee 


to meteya adi ot noisufoe eupinu 


fehl 


r - 2 . . * . a nh al 

sxego is1estai sit to esisisqorq 
. y 

ILtw siteds doidw 


phish {supesai eidsiisvy eno eit ot eno oF sutoe gees 


9 o2is evip Lhiw aw 

















- fy 
St! et oF : RS) agizisgox14 e 


benisidO 


rales ae 


[ bas .M exosszsqo {sxpetai 


henimisteb viessibemmt 


~ 


° & 
slqmsxe 10% .2103steqo — 


5 


> Ql 
tw ( Y) H x Gletv.v (Mo ob | — 


re pedtixw eit notsuloe sat 
TS 


Sssanz of& s2L1KS 
° f > 
; yity 18SisD Sf 


= 
= f 


ot (1,4) noistemrotens1s 






-fsat02 od LLim ((24€) 8) 


119 
ANY iG farmy (y,0)6(y) Seo atten 
Jar! fam, Cr,ay9 (ay 1? = faatye (ary favert cra) faaaty ¢y,)¥ (0 
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SoeLiae tere coutd exist a solution to (3-1) only if 


CO eee ee 


ei) Let us now consider the case where Myo #0. 


Equation Gay implies 

fart cr,a') faam, Cy 009 (a) = fava’ (7,019 (Y) 

which by equation (1.9a) is 

fantsy.g- farm A,0t ym (2,0) 19 (a) = Jaret cy,04 807) an 


We will write this simply as 
* * 
CD i MoM,)¥ = M,? : (32) 


This integral equation has a simple nature and standard 
techniques can be used to deal with it (cf. for example 
Smithies [1962]). The kernel (M3M,) (a',0) = 

farm’ 0°) m, (0,09 is a non-null hermitian ue kernel. 


It therefore admits the spectral decomposition 
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where (AX) is the characteristic system defined by 
da (M3M,) (a',a)X (a) = ~ x (aq!) (3.4) 


and the series (3.3) is relatively uniformly absolutely 


convergent. We have 


oo 2 
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a ae (3.6) 
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where each characteristic value in the sequence is 
included a number of times equal to its rank, there 

is necessarily only a finite number of Xn corresponding 
to the same given An? In particular, we shall call N 

the number of eigenfunctions with eigenvalue 1 and 

denote these by Gta) = X lads n=l 276. +Now “These satisfy 


the equation 
' 
foals sig — (HSMg) (at 4016), (a) = 0 


or equivalently 


ost 


yd beniisb meteye ofteitetosisds sit at (X.,A) oxedw at 
; : oe | 
Of 
(B.£) C9) 4% = = (n) phos “wd (.M, rao ; 


y{stuloeds yimyoling yilevitafex et (£.€) esi¢sa oil i 
ave OW . nogtavAOD 


- “i 
r S 


i i “*M) | twbob 
{2.&) _ ~m > A ide = am (pO, ‘p) (.MeM) | ‘nbd | «tae = 
— 1 XM | - £= ANI estiqmi (28.1) notisups edt 
acd’ Nols S| | Xe l | = gist :(8.€) anoitsups ; 
Pie : | a “ a 
(a.€) - £8 4; aed 
3 i -— 
92us5098 
¢ 4 
~ @ > (Ap { eo 
re f=n 
my 


ei sonsupee oft at sulsv oitgizedostade dose ar 


stens ,Ansx ett of a oil eomis to tedmun 6 bebutont 
paibnogest100. x to ‘rodmac adiatt s yiao cL ramaesosh ek 


er ee: a, 





121 


1 
faam, (0 Ga) pea O84 Eis) 
73s) We shall now prove that the series 
as * Co yx 
| a ue (M3M,)" M3¢ (32.8) 


converges relatively uniformly absolutely. We have 
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We therefore examine the series 
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By definition, it will be relatively uniformly 


absolutely convergent if the sequence 
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is relatively uniformly convergent. We have here 
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For any given e€ > 0, however small, we can find 


Hle}, mainly 





n(eé) = To 


puch that iron all non (e) ; 


one (oy pe jest 2 (a) 


where r'(a) = | [M56 | [x (a) is a positive definite L? 


function. This shows the relative uniform convergence 
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converges relatively uniformly absolutely. 
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a s 
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fee (M*M ae M*o = 0 
ne? ¥33 mt + Me 


By repeating the argument starting at equation (3.15) 
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and by, (4. 9c) 
= asm, (y, 8) fav's (y*,8) faa'm, Cy" a") Y (04) ; 


nas Snows that 03.19) is true. 
We therefore have, because of the relative uni- 


form absolute convergence of ve? 


* Ss * 


pee 5 Mw. Meee - anh 3.20 

i¥s = 2) My (M3M3) Myo = ) (MQM.) MMi ae 
=0 r=0 

The kernel (M,M}) (y,;y') = fam, (y/8)M5 Cr" 6) has 

essentially the same properties as (M3M.) . in par— 

ereular, it hag only"™a finite number M of characteristic 


functions ee Oe. n=1,2,...M with eigenvalue 1. These 


satisfy 
' = sy 1 ' = 
or equivalently 
fart Or ad P OY) =O. 


MMi ¢ being orthogonal to all such homogeneous solutions, 
the series (3.20)converges relatively uniformly absol- 


utely. Using equation (1.7a), we have 
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M 
(I - MoM5)¢ = (I - MoM3) ig - J Firs, wo) (am22) 


the above series is equal to 


co M 
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These two series converge relatively uniformly absolutely 


since 
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ig >) Pidel 6) ) 
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Ho eOrthnogonal to all Boe n-172;,...M oso that we fanal Ly 


obtain 


M 
Mav o=¢ — ef] FadPiid) te. (3223) 
n=1 


Evidently, equation (3.18) is satisfied if and.Oonlyedt 
(Fro) = 0 POD pad Won) 2 eM 


vi) In the case of equation (2.3) where po has the 


form 
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we show that MM) ¢ = 0 can happen only when Mi 6 = 0. 
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Se m 
feats 0 1a) fy (y ra) JL, MatyByleg = 0, 


then, by equation (1.9c), 


m 
* 
i] ' as 
fam, a.) [aa Maelo) a) M,(A',B.)>, = 0 
i=l 
i.e. 
: m 
' ' ' — 
fan M3 (A' a) L} M,(',B,)d, = 0. 
1=1 
Using again equation (1.9c), this means 
gs m 
fav (v0) ot) My (¥,85)9, = 0 
i=l 
i.e. Mi¢ = 0. 
vii) We have shown the following results concerning 


equacror (2.5). Calling the term on L1ts right hand -side 
Gly lige LE favaey (v.08 7) = 0, there can exist a solution 
OMiveto gray = oO. | Le farms (7,094 (7) # 0, there exists 

a, SOFUULTON, Lf and only if-9 (y)jiis orthogonal to all 

pail et ber N—-l,#2,e+-M {(1r these exist) such that 

faam, (r,8) [avin Or BEY) = F(Y) or equivalently 


faymy aR (7) “= UO. Leh then has the form. (3.17). 
viii) The homogeneous solutions of the two equations 


Jaan’ (A, 6) 618) = 0 eek eek 
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fav (y,0)F = (3.25) 


are in one to one correspondence. 


Suppose a non zero G(g) satisfies equation (3.24), 


then 

fanny 0.6") feng (0,896 (8) = 0 
and using equation (1.9b), 

farm, (y.8") [aed (y.8)6(8) = (8) 


so that faam3 (8G (6) ZeUeand by ,equacion. (1.9c) 


fare} (ya) Cfaam, Cy B)6* (8) 1 = -fanm§ (a,a) {asm (0, 6)6* (8) 


which is null by hypothesis. For each G(g) satisfying 
the equation,(3.24), =the functyon [aeM, (y/8)6* (6) is 
non zero and satisfies the equation (3.25). 

Similarly, if F(y) # 0 satisfies equation (Bese 
using ~-(lajva@) iwescanssee (that Jay (8) F (y) # O and, 
because of (1.7c), this satisfies equation (3.24). 

Since there are M Baie n=l 2 yee Mesatisiyving 


F = 0;a@there are M G{8), N= epee MaeSatisr ying 
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A similar one to one correspondence can be 
established between the N solutions Gia), Nl Zi sek 
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2) The following results concerning equation (2.5) 
can be obtained in a similar manner as those for (2.3). 
Vein ho right hand side of (2:5) as x(k), if 

farm, (4,8) 0) = 0, there can exist 5 solution only 
RENCK) = Oy “SEE farm, 0,8)x00 7 0, there exists a 
Solutiongit and onlylit ¥.()) is orthogonal to all N.F!(A) 


(if. these exist) such that 
foam’ (0,0) farms ,a)Ee A") Sif (hy 
or equivalently 
farmy (0, 8)F" 0) =O. 
It then has the form 
Vg = ie (MQM5)” Myx +X, 
where Xo satisfies (TMeMs) 8 =9 O07 34 e% 
fara, (2) [asm (8x0 08") Shia es 
or equivalently 


foamy 0.8)x0 (8) = 0 


of re . ; fA 
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A)5R General Property of Antisymmetric Functions 


We prove the following theorem. There exists an 
antisymmetric function G” of n variables Kp rXoree eX, 


satisfying the equation 
0(x,) Gh (x) = 0 eH) i Ie Pearse (4.1) 


where Peg es a linear operator depending only on the jth 
variable = if and only if there exist n linearly indepen- 
dent functions of one variable: G, (x), t= LA yp ee yp SacLs=— 


fying 


0 (x) G, (x) = 0. (4.2) 


ceivvolyy, le eLnhere .exist n G, (x) satisfying equation 


(fee), the function 
Gy (x) G, (x5) ger G, (x) 


Gy (x, )G, (x,) eee. G, (x) 
F(x, ) Ssatet ‘ (4.3) 


G., (%1) G, (x5) ¢ oe G(x) 
is an antisymmetric function of the x, and satisfies equa- 
Eo Otrent 4 cL.) c6 
Let us now suppose that a function G" (x, ) satisfies 
(4.1); we want to show that we can generate from it n lin- 


early independent G,; (x). 
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n : : 
G (x) being non-zero, there always exists a square 


integrable function £(x,) such that fax, £* 04) 6" Ox) x 0; 


we call £1‘) one such function and define - 


= n __ van-l 
fax, 1 (%,)6 (x) NG (xX _4) ety ee (4.4) 
: cai b Nee ; 
We repeat the same argument with G , G ete.) ana, derane 
a sequence of non-zero functions 
* n-1l Pee ee 
fantehs htop, xerp) c ree) ae one 5} 
is n-itl a isin! 
Pe Gee, e Seer TS es ey eta 
* 2 7 , 
= 4.6 
fax, £, (x) S (Xy, Xo) G (x1) : ( ) 


All these functions are square integrable, antisymmetric and 
satisfy equation (4.1). 
eae is the first of the functions we wanted. We 
eee 
will use G, (x,) = G (x))- 


Another such functions is G, defined as 


Pao! 
faxye, Ox) G (xX) /X5) = G. (x5) : 
Et jls*non-zére since using ithe definition of G(x), we have 
(£,,G6,) = dx, |G, (x,)|* 4 0 
Lie ae: I oe ea K 


Lt 26 also, orthogonal to Gy since 
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"7 * i 

(G),G,) = fax,ax,¢, (x) G, (x5) G (X) 7X5) 2 

By relabelling the variables of integration, this must be 
* ce 

equal to faxyax,6) (x) G, (x5) G (X5,x)) but because of the 


. 2 A , * * 
antisymmetry of G”, this is equal to [ax 4x56) 0%) Gy (x5) ms 
Go Gx, x) so that (G) ,G,) = 0. We then have two linearly 
independent solutions. 

Let us suppose that we have successfully constructed 


i such non-zero orthogonal functions Gy (x) 1G (x) ,...G; (x) 


WiLoul the’ first G* (x, ) as 


* 


G, (x,)=(-1)*73 | Se FTE) oh (x,) (4.7) 
J J 
where 
Gy (x) G, (x5) PS Gj (x;_)) 
cea < | 
F (x, _4) = det Gy (x1) G, (x,) oars Go (x, _)) (4.8) 


We shall prove that a non-zero independent Gial can be defined 
in the same way. 


We define 
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where bt) is a determinant similar to (4.8). 
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ie 


c a f A : 
oe Cage Gc) ane oH (4.10) 


We first prove that Gray cannot be zero since 


[ax, Flox.)” Gttl (x. 


implies 


i+] “ee 


co . * 
|i Tear ere ee Py 


which by definition of G* (x, ) is 
dx pt ( ia et ys= 00 
ox; = a : 


Upon replacing F* by its explicit expression (4.10), we obtain 
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(2 fen) c=s0 
3 =i 


which by equation (4.7) is simply 
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PA Jax, G5 x5)" Gi (x,) = 0 
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which we know does not hold. We therefore have Giay x 0. 
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We now use the identity 


||P. 


A ' 
eg ig al ey 0 
1 J ; 
J 
which holds since the left hand side of this is a deter- 
minant of the type (4.8) where the two rows with G, are 


repeated; we obtain 
1 
d (Go, Gi.) = 0 i.e. (G),G,,,) = 0. 


We have thus been able to define a new function G4 ') 
which satisfies equation (4.2). 

Since the above procedure can be repeated as many 
times as we have functions ch(x.), we can obtain n ortho- 


gonal solutions to (4.2): G; (x), i=1,2)...,0; One corres-— 


ponding to each Smiecs Ip 
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5) Vanishing Vacuum Amplitudes 


In this section we show that the only possible non- 
_ zero solutions to the system of equations (2.3)-(2.6) are 
the Tee generated from co =c 6° (an) OY (Bay) where c is 


envarbitrary constant. If N=0, cles 1, otherwise 


G (a,)G,(a,) - 2 + Gy (o,) 
6M a.) Li det | S7.'%57G5(0,) . Gylas) | = det G' (a) 


Gj (ay) Go (ay) on ich aks Gy (ay) 


where Gy, (a), kK=e yee. N are the N linearly independent 


homogeneous solutions of 


Jaa Mi (y,a) G (a) =0. 
M ; 
li M=0, 6 = 1, otherwise, 
Seah KCl BD) when -taGraien) 


M = = 
er cGy Cb) es Gate Cer ec ae 


Gy (81) Gy (B85) My Ait Guy (By) 


where G. (8), Kol 2,s<.0 sare the M linearly independent solu-.: 
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39) Using the theorem proved in section 4), we can 
immediately deduce that ad = 0 is the only possible solu- 
ELON when n—m) >.N, M=0,1,2;6.. Or (m=—n) > M, n—O07, losers 

In order to show this, let us consider Vie where 
(n-m) >N. Because of the recursion type equations (2.3) 
and (2.5) which they must satisfy, these are generated from 


p 


eee (OF ie esucts Ghat 


n-m,O a de 
Jaa, Se Oa) rota 0, 


The only possible solution to this equation however is 


n-m,O n-mt+1,1 


= 0. The next amplitude y MWS Pa eaen yoy, 


) 


equation (2.3)\ (satisfy 


n=mrL, 1 x > 


so that it also can only be null. By repeating the same 
ergument, we Gasily obtain by induction that all ites where 
(a-) aN, m=U,1l52,... MuSta&vanishe 

whe DEOOL Lor ine =, Uswiten O(il—1)) > Mi em =U esl 2 eer 


can be done in a similar manner, using the equations (2.5) 


SALVO gi 2a Oy) ve 
11) Let us examine the equations for the amplitudes yo 
With (m-m) SoMeand mn, i.e. n < ms Mtn. Obviously, this 


Me necessary Oily 124i mM 7 0 since Otherwise, there exist ho 
Mo suchithat’ i -4mex Tl. 
: nm A 2OP 
These amplitudes p are generated from w', where 


ri= hen, which satisfies 
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tu or = 
Jas, My (Ar B4) PO" (-78,) = 0 (5.1) 


and must themselves satisfy the equations (2.3) and (2.5). 


ine equation (273) for a is 


+ 
oe set = 
(a5; Bead )= 2 ( 1) 





[ac ily a. pv" 


My (8) ¥O™ (3 are) (5.2) 


We now use the results of section 3) to examine when solu= 


fions wpe t GO. (Sez )eawasl) exist. 


We first have to see whether 


. r+1 i ae B 
faymd (v0 y (=1) M,(y,8;) OS et ALI) ee Kosh 
pod 1 


If this is so, then 


r+1 : ‘ a g 
Jas, MZ(A1B,) (-1F fay (7,0) m5 (485) ¥ (gor) Oa 
a 


i=] 


all terms in the sum with i # j vanish because of equation 


(5.1) so that we must have 


x * Or j= BAG te 
[fara Gr .o Jae my (7, 85)!5 (0,8) Vin Na tee Ul se 4) 


s) 
It can easily be seen from the equations (1.7) and (1.9) that 
[arnt (ya) fae, .M. (7B: )M; LA; B )] = 0 implies either 


j 
Jana a.0)my (Xa! j= 6 han which is not possible if 


| |M < ©, or M,(A,a) = 0 and M,(y,8) = 0, which is a 
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trivial case for which we know the unique solution will be 
|o,> = |0>. This is then not null for the general case 
where M, and M, # 0, (5.3) holds then if and only if woo 


taken to be null. 


Teechaes Lsithescase, 1.6% ies is taken zero, we must 
examine the equation for ce These aren (273)' and (2.5) 
with ylertt satisfying 

tere! A ar 5.5 

Jac, M, Cy Oy yy (47844) 0 ( ) 


=4 40] Ma 315. (5.6) 


* Uae 
faajmg (0.8504 (Gia Bax, a0) 


Ow 


We see that whether jp is taken null or not, we still have 


to examine equations of the type 


Q4+1,r+2Q+1 é 1 


aeeMaty oo) i (a es ) = ——————- *x 
eit j f fer oe xi stage ey 


snd ba ea ao: 
(-1) 97299 My By) vere (e+; Brent) (5.7) 
i=l 7 i ; 
* VA Ae ae 
dB.M,(r,8.)p ; (a eas ee 
| 7 4 5 ete eee (QF IN rtL+1) 
Vigil: Agee 
Yo (2) 77279 Me Cara) yern ee (Sega; Breet) (5.8) 
i=1 i 5 
where es satisfies 
* Oe apes . & 
fas jm4(1,85)9 (Ooi Bag? O2¥15 (5.9). 
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| ep aaps'h 


and also, if yw are taken zero up to (2-1), (2£>0): 


QeEre 


feast Creag )WP FT (ay Begg) = OS - (5.10) 


Wesnote cehata spor .a ll) RHO. 8a"... ,MSer , Cee 


are taken zero, the only possibility for all subsequent 


+ ; : 
ad os 2 > M-r is also zero since (5.9) does not have non 


v 


zero antisymmetric solutions with more than M variables 8. 
Ee TOuUmenerOLICGEnanGg,s LOL Somer? —S Mor, gee 
as taken non zero, fay (y,0) tr. 0s Seno.) vue by the same 
argument used above starting at equation (5.3). 

We now have to examine whether the r.h.s.(5.7) is 
orthogonal to all M acy). S such that faymy (7.0) Fy, (y) = 0 
(or equivalently Jaga, (y' 8) [arm Gy /8)F, (y) = E,(y") ) 
since we know from section 3) that this is the necessary 
and sufficient condition for the existence of a solution 


if aM ae ace bie tats weaneed 


whet b x 
y favep CIM, CyB VEE (ays Er+gt1) = 0 ¥ Eee s aly 


i=l i 
: * 
We have previously shown that favex (YM (7-84) = G. (B5) 
z : * % ‘ 
us “a solution: of [ae jm 18596 (8) = 0 and/iift “the Fy are 
taken orthonormal, so will be the G. (8;)- Equation (5.11) 


is then 
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which written in matrix form (we get one row for each G.) is 


SOE) #8). Cw aimique |dctaytyt "(a ; areetl) 
2 a 
Gy(By Ey (Bodner s+ Gy (By yp gy) ded) w TE (os, Brages) 
' pe =o. 
rtit], 2, rth ; 
Lo. Loy 


Obviously, if M = r+%+1, we can extract a system of r+2+1 
linear equations from (513) and since the determinant of the 


PerGrerig (fre, Wx (e ees) jy matrix 1s not null, the functions 


Lyre 


G. being independent, there is no non-zero y satisfying 


ciieemCconditvon. ssuch ere 


then cannot generate other am- 
Pleeues Satistying (> ./) and (5.8). Thus, the only case’*for 
which (5.11) can be satisfied is when r+2%+l>M. Since we 


etlready ,.had whe westriction, r+’ < M, the only possibility is 


r+2 = M. The system of equations (513) in this case becomes 
Lo 2M 8B 
Gy (By )Gq (By) «++ (Bg) |] OL WO Cary MALI |G) (Bg) 
Boos 'A yi bead 2) 
Gy (B1)G2 (Bp) «+ +Gp (By) | | (1) “"(ag? sMFL)] |G (By) ies 
5 a (=1) wr (ce, § Bay) 
ae tee! 
MOiM>) UB 
(5.14) 


We define as 6" (Bay) the determinant of the matrix on the r.h.s. 


(5.14) and denote as a (£m) the subdeterminant of this same 
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matrix when the row G,; (8) and the column of functions of Bb. 
are left out. Inverting equation (5.14) we obtain (since the 


determinant a # 0) the unique solution 


(-1) “yP" (a, 7 Sutq) =—=— fy (-2)**IgM (Be. (Bye )) x 
i o° (By) j=l ig 


(-1) ny (0, 8 


ae 


which by using the definition of a is simply 


o° (But) 
ON BML) = eh Wr (Oly 7 Bag) (5.15) 
i stig) 
dL MSG 
QM eb 
(oF rye we (oy # Bay) 
fe (5.16) 
gM (Et+1) o 56) 
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This is easily seen to imply 


Sanaa 
Yr (op #Byq) = Vg (og 6 (By) (5.17) 


where b, (ao) 1S\-a (cOnstanttih!) =00. whereas; for t>.0, it 
must be an antisymmetric function of the a's which satisfies 
(5.10). Because of this last property, 2 < N is needed in 
order to have V oH O. 

We have thus gotten the necessary and sufficient 


conditions: for equation (5.7) to have eorucioneg 0. 


‘Sai 









.: to ancistonu2 20 amuloo emt bas (9) 0 wor ons ody pet orgs 


eit sonte) nistdo ow (1.2) sokssupe paisrevat | . tue tieL ots | 


noituloe supinn aft (0 & af retort 
2 ‘lan 


a 7 
a ° 
















UE gy) po Mott hege mi a = cey te: 
; ; 2 f= 
iy { ws my ; 
. (yet gore Meee) 
yiqmia et are to Pree ost paies ¥d dof i 
. Be 
(14m) ™ ) a 
(21.2) be (2s yore wets (on sya) m 
i ; mt bg vy 
/ 
Mg (Lam 
CyG% ory = 
(d1.¢) : FO cine |] 
(8) 
mat (i+ 


, pty ot 1992 yltess ef 
| = am A Ma ; ty 
Gy EC) he . Oh ot at ia 






a - tao . 
: ow ty i 
i . aan A . ry! 


ane 


143 


TUF) We now have to examine whether (5.8) can also be 
satisfied. 


We have fam, 08) rehire (5 23) SF O4*since 


ms Gleall |My (A, 8)M3 (A,a;)¥, ( rath) on (BM+1) = 0 
J 


implies 


{dane Gy ray) (22) 9 | 


QAM, (A7B)M3 (0, oy) 1p ELL) 6° (Eu+1) = 0 
5 


iwhere (5.10) 1s used when £>0). Since the factor in 


parenthesis is not zero when M. and M, # 0 and we know 


3 
ae 7-0, this equation holds if and only if Vo i Setaken 


2eLGr ee NOWeVveL, tle cils were the case, a ea would have 


g+1,M+1 


* 
to satisfy fap mg (418500 =—aON a jie O 


(047? Busy)? 
that it also could only beetiulljtogether witheall other 
ie eae A non-zero solution is then possible only if 
we take Vo 7 0 SOsthat fanm 0.48) Ps (5 1c ie 7a. 

It is now necessary to examine whether the r.h.s. 
(5.6) Ls orthogonal) to allan Fy, (A}*ystGch that faam OBE, O)= 
0 since we know that this is a necessary and sufficient 


condition stor an equation of the type (5.3) to have a solu- 


tion. We must have 


Q+1 eet 
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t I 
where G, (a; ) = Jar, 


independent solutions of faa gay Cy ra5)6" (a5) = 0. We note 


("M3 ra.) . K=1,2,...N are lineanly 


that the system of equations (5.18) is of exactly the same 
type vas the System (5.12) a discussion similar to the one 
used in dealing with the previous equations is easily seen 
to give the following results. If N > g+1, (5.18) can only 
be satisfied if Vo = 0 which, as we saw, implies all 


+ + . 
BE eta also are zero. N < £+1 1s therefore needed and 


p 
Since already 2 < N was necessary, we see that only 2 =N 
is possible for a non zero Vo EG ssavisiy o(5. 09). 

This together with 2 < M (c.f. remark after equation 
(5.10)) means that when N > M, 8 = N is not possible so that 


the only solution will be Dame SOs whensin vai. (it oN-<)M, 


(5.18)is satisfied if and only if 


Gy (a ,)G) (a5) - + + Gy (ay) 
Wry (aig) = 6 6" (oy) = det [G5(a,)G;lay) . . . G5 lay) (5-19) 
crea ep KER phar cer hE Ae) 


We therefore have shown the following results concern- 
risate gay. wha ise such that n< m. If M = 0, the only possible 
solution is all ae = 0. If M #0 andM gs N, the unique 
possibility is again all ‘gaa = Us) olism: = O,and N < M, the 
only possibly non-zero family of Die consists of those gene- 


rated from Wr (oye Bay) which is 
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) = © o' (a) 0" (By) (5.20) 


if N 4 0 ana oe (5 By) Ae of (Ex aerial’ = Op 


iv) The results concerning the vo with n > m can be 

deduced in the same manner. If N = 0 or N ¥ 0 and N < M, 

thewonliy solutions for alt wee will be ee =n 0Reverot 

N # 0 and N > M, the only possibly non zero family of 
nie. ‘ NM 
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6) The Solmtion of the Equations 


A unique non-zero set of amplitudes is always 
determined by the system of equations C2g8J—' C22 6)i 
It is the family of amplitudes generated from ioe 


which, as determined in the previous section is 


G' (a,,) O 
NM =v 
Yo (ay 7 By) = ¢ det ’ (6.1) 

O G(8,,) 
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fee) 


X(a,,B,) = ) 


* r * 
TD Jan erag) (a, a) fayed Cy ,0)M, (y,8,) 5 


(6.3) 


When N = 0, the left hand side upper matrix of 
Gy is not there; when M = 0, the lower right hand side 


matrix sor G. is not there and when N = M = 0, w = 


yoo N+2,M+2 


= constant and w = ie is the determinant 


of the upper right hand side matrix of ae So 


NEV Mee 
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4 1 


. ' = . 
Since fast) (y105)65 (a) = 0 * i, we have 


M+ Cate 
N+2,M+Q J L N+£+1it J 
dq .M $ ’ ; SE (-1) x 


SNe sag eR ai aig ea al 


{]4a5ty Cy 1045) x (0.5 0851] U) 5 4 


(65/5) 


(8, Ne M(»,¥) tity] bot, ») gi 9B 


(€.9) 


to xittsm xeqqu ebke basd stef edd ,O-* Mood bh a 


ebie 


Mu, 
4 


= 


,0 


basi tipix uswol eng 


awe 
= 


4asnimresob 


aol 


tnsatmrieseb eid bosque yiqmie sw 


[xrotosio®S esti] ( 


*r 
s 





M = 4 oodw Bos sxeds ton af 4° to xixtsm_ 
84M, 8+ 


40s 


eit el 


'y 30 xiissm bia basd shots <oag eit to | 


Bit ade 24M, 540 


nistdo brs wor dz 


( 


(£49) % % j 
© 
(£~) 2 wih 
rTasm) Pas 


t. ests paols 


ed ’ 


O=2% 


,0 = M nedw ystedt ton ak es e 4 
vy oa tastenoo. = 


y teas ose: ot stsbit09 at. 


.{ mevip yrs tot (a. $). 
er ti 162 


ane yet? 


) 


| i= ae 
| L+Ute 
orn. ? i 


«gant wag) f= 24M, 5 
i ple bre te 
| 2, 


q es 














Te : it ay! 


LATS" 


oo 
a 


—_ 
~ 


1M Hy 





is) 


148 


We have already shown in section 3) that 
M * 
fac jm, (¥105)x (as 18g) = My (YB) - Fig (0 fay ey OF )My Ort 8) 
; 
=IMO Yes) — Eve (ota. 
2: - ten k i enreat 


ries. Logue Nand SsidesoOLy (6.5) is“ then 


1 M+ 
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M Fay et Mie i+ 
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since this is proportional to a determinant like (6.2) 
where one of the first N+2 is deleted and a row: 
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M+ 
the last one so that this row is repeated twice. 
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Equation (2.5) is similarly verified for any j by 
expanding the determinant (6.2) along the (v+3) *B 


column. pone ae 


as given by (6.1) and (6.2) therefore 
satisfies the system of equations (2.3)-(2.6). 
This set of amplitudes is furthermore the 
unique non-zero solution. In the preceding section, 
we saw that a non-zero family of ae could only be 


generated from yt, as given by (6.1), which is unique 


up to a multiplicative constant. Another family Tye 7 


nm 


w for some or all n>N m>M, generated also from 
yi , cannot exist since we know, from the section 4) 
that pret? 2 ghtteMtl _ yNtlMtl) nich would then 


satisfy the homogeneous equations 
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% NAL M21, : - 
faejmg (0-8,)¥5 Cot epi Bn, peer): | ¥ J (6.8) 
can only be = 0 i.e. Tanks ah = gekeaeliihie By repeating 
the same argument, we show that we need hahaa eatin = 
ish? <Makae etc. .... The fact that there exists no anti- 


symmetric solution to (6.7) with more than N variables 
a and to (6.8) with more than M variables 8 thus ensures 
uniqueness of the non-zero amplitudes creme which satisfy 
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7) Proof that the New Vacuum has Finite Norm 
ae ee er ee ers OO LLCS NOD 


In the previous sections, we have proved that 
the equations (2.3)-(2.6) determine uniquely all am- 


plitudes yum of the expansion (2.2) for loo? We 
oo 2 

N+2 ,M+2 
lay : | | Se ees 


In order to evaluate | |w 


now show that <5 1¢,> = 


Bat TRE let us use 


ENeSexpansion (6.4) for the determinant (6.2) along 
the first row (i.e. j = 1). Since y has been shown, 


in section 3), to be orthogonal to all G'(a), we have: 
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1 ay 
N v 
a} The term ) G; (a,) [its cofactor] can be seen, 
i=l 


by examining the determinant (6.2) and always expand- 
ing cofactors along a column Ga, to consist, of 

N. (N+2-1)!/2! terms of the following type: each term 
contains a product’ of N Go with different variables gq, 
multiplied by a determinant of the type ee defined 


below, which depends on the remaining (N+%)-N variables 
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a and the M+% variables 8. We can write symbolically 


each such term as 


ca Guat 0B 
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where ag 
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is always a4) and D is defined as 


X (4, 48,)xX (a, 485) 2+ -X (0, 7B yo) 


X (45,84) 
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D (97 Bao) = det : 
X (a9 4B) xX (a, 785) X (> Brag) 
G, (8,) G, (B,) Gy (Bye) 
Go (8) 
Gy (84) Gy (85) Gu (Bao) 
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We remark that two terms of the type (7.2) 


will differ in having different sets.o,. or in having 


AJ 
the same sets oe but ordered differently in the pro- 
duct G|,G,,...G' (or a mixture of these two possibi- 


lieve N 


lities). The terms are therefore orthogonal as 
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functions of Oye If they have the same sets Ohne 
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but placed in a different order, there will be products 


faa jc, Co ) ey cs ) where k # k', which are null. If 


they have Jee sets Cay and say a. is in one of the 


sets and not in the other, the product will contain the 


M+2 : : 
ee et eee which is null 


since feta. 56, (a.5)" 58, Oo = 0. We therefore have 
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the second term of (7.1). We simply remark for the 
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ri) Let us then consider the general expression 
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is always smaller or equal to 2/(2+1)! < 1/2! ; 


also (N+) (N+2-1)...(N4+1) 2 2! so that 
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S&S). The Unitary Operator 


In the previous sections, we have proved that 


the conditions | |M < o and | |M < o are necessary 


2! 31 
and sufficient for the existence of a unique vacuum 
state |o,> associated with the "new" creation and anni- 
hilation operators (B,D) in the Fock-Hilbert space de- 
fined by the operators (b,d). 

In this section, we will prove that, under the 
above conditions, there exists a unitary operator im- 


plementing the transformation (1.1) and we will give 


ateexpLrcic (Orme Lor 1c. 


a5) In order to see more clearly what happens in the 
transformation (1.1), we decompose it in a product of 
Simpler transformations. 

Before doing this, we introduce the following 
unified notation for simplicity. We call x9 (a) and 
He On n=1,2,... the respective eigenfunctions (defined 
as in equations (3.3)-(3.4)) of (M3M3) (a ,a) and 
(M3M,) (A',A) where the first N correspond to the eigen- 
value -UNGise. fOr m= by2 yc | faam, (70) x3 (a) = 0 and 
faam, (0,8), 0) = 0). Similarly, x*(g) ana x4(y), 
n=1,2,... are the respective eigenfunctions of 
(M,M3) (B8',8) and (M5M5) (y'-y) where the first M cor- 
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tespond Mito the Gigenvalue I (i.e. for n=1,2,...M, 
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We define the smeared operator variables: 


b= fac? (a) *b (a) ae faex? (erat (e) 
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Bhe= farxf B(y) D's faaxd carp (on) Be den? (BSD 


We recall that the functions x for each i=1,2,3,4 


form a basis in L¢ so that 


* , 3 i = 2 ee 
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Because of the properties of the functions co 


we see that the Bogoliubov transformation (1.1) is in 
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One can immediately notice that the equation 
(8.4) itself is a Bogoliubov transformation between 
the two sets of operators b. = b 


n=),2,.%.2 and BA = B Piss eZee coe 


Mtn!’ “n “N+tn~’ 


MI i] = 4 3 A i] ie 
The kernels M, (n DD) = (Xvant se Mj X11) and M, (n ih). = 
(x2 M*xt 1) do not have any non-zero homogeneous 


Mtn’ 4°N+n 


solutions associated with them as is easily deduced 
from the properties of the sce (8.4) is therefore a 
“weak" Bogoliubov transformation and together with 
equation (8.3), eEhis gives a simple decomposition of 


Pics eranstormatvom, (1.1). 


aoa) Let us now look more particularly at "weak" 
Bogoliubov transformations. Different forms for the 
unitary operator implementing such transformations 

are given by K.O. Friedrichs [1953]. One such form 

is easily obtained by making the following ansatz which 
is suggested by a close examination of the nature of 


the new vacuum state: 


ie - T a 
-dF jb =—d F.d -b F5b -b Fjd (8.5) 
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The requirements that 


b B 
n 
-1 ,t + 
J§ b, ea Se eke a 2 ah a ES aS (8.6) 
d D 
Nn 
+ +t 
qn Dy 


ensure that T is unitary and when using the expression 


for the operators (B,D) in terms of (b,d) and the for- 





mula 
C 4erG@econdi) 4 
Ae =e h n! 2 (C,A) 7 
n=0 
where 
2 (C,A) =A, Q 41 (CA) = Oy, Q (CA) ] 7 (Gn) 


(8.6) determines completely the functions F., Tai 25554. 
A straightforward calculation shows that these are 


given by 


(e ) (n,m) M, (n,m) 


: [M,(n,m)1" 


(e ~) (n,m) 


F, (n,m) is the solution of 


d M,(n',n)F, (n,m) = -M,(n',n) 
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Ehat sis 


a AIR 
Fj (n,m) = ree eee, 
v 
11 oo : : 
where w and jp are the first two amplitudes in the 


expansion of the new vacuum in terms of Original Fock- 


basis states. F, (n,m) is the solution of 


ae Ma aicay) Weg eta) = -M, (m,n). 


There then exists a unitary operator T of the 
form (8.5) implementing the "weak" Bogoliubov trans- 
formation corresponding to a set of kernels M, (n,m); 


a= Jiro 3,4. 
wi) In the case of the general transformation (8.3)- 


(8.4), we can then define a unitary operator To such 


that 


ted. T =D A 9 Bu a en 0 (8.8) 


lope ded eo sy. COL 12 ae oN 4, 
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that as To implements the "weak" Bogoliubov transfor- 
mation (8.4) so that it exists as we saw in the previous 
section. It does not contain the operator variables 

not entering in (8.4) because of the requirement (8.9). 
ft can be written in the form (8.5) for example, where 
the operators (b,d) are Dar alg N= ices ana che M,'s 
are the M.'s. 


It is easy to check that the unitary operator 


Ue {exp-i (M+N)r J [bb 
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will then transform the creation and annihilation 


operators as 
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The vacuum |o6> (i.e. the new zero particle 


state) which we have calculated is then simply 


ee aia Crab De sbid sd |O> (8.12) 
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9p Fe Conelusion 
1) Let us consider a quantum mechanical system 
where the operators b, bh qd, a! are associated with 


+ + 


particles at some time t, and Bybee, aD es ace 


i 
associated with the same particles at a later time 

t. according to an equation of motion like (1.1) in 
the Heisenberg representation. 

If the system is in the state |O>; LN DoLakL Ly, 
there are no particles present. The state with zero 
particles at the later time t, is |¢)>. The state 
Da Gee is one in which there is a non-zero probability 


of finding pairs of particles and antiparticles created 


by Bl and pt 


Mtn M+n’ dy eres OS 4 which is 


[o> = T|¢ > =B 


is then a state in which M particles and N anti- 
particles have certainly been created and in which 
there is a non-zero probability of finding also pairs 
of particles and antiparticles. 

If, on the other hand, the system is in the 


state Ioo>? 








notenfoaod  (e@- 


ee a 


mit wodel : s aeloistxrsaq smse es dAtviw petite 


, | ie | 
[ Ail nmoitom to aoijgsups as ot palbirosos ot 


=. on ‘ 3 > = 
.noitsiasestges pusdnaseteH edz 
§ 
~ ‘ 
r - _ 7 a a> 
‘ t | ; 2 eft ni et meseya ons It 
+ a 
. » > + - ~ 7» 
| jitw oteta edT .daseetq esiptsixsq on sis steds 


° — 8 on 
ids J] otex-ne 2i stedd doidw ai sno ei < |r 
" cs a % 
: } 
besser esloistisaisns bas e2elotsxsa to 21tisq patbat to 
8 é 
c Ce. x a 
Ca te 4 % : ‘at Ce ale | : re c +M : Dts it »mo yd 
° 7 
nT he } he y 
” . ct ‘ q i ” by er - £<f : n 
% > s Whee © «Ad Gp,Gsas« = » * a _ aa q 
oO" '¢ f ui Ss 4 of ba 


r y on 
on ¢ e wie’. a. 4 ‘7 4 : y - 
3as WU bons esloisisg # nee nt asada 5. aedst' et 7 


” 


b 


oe 


raster ni bas Bejsexro ased- yt nissx05 oved — 


axieg cels paibait 20 wiiLidedosg oxes-non, 5 et exeds 
a: ‘ay ie a ee een: a, : a a baal eren 











165 


initially there are at least N particles and M anti- 
particles plus possibly some pairs of particles and 
antiparticles. After the interaction, there are no 
particles present. 

We see that there are states of the system in 
which particles and antiparticles will be created or 
annihilated separately with certainty. If these are 
assigned different charges, obviously, the total 
charge is not conserved unless N = M. 

This can also be seen by examining the charge 


operators; the initial charge operator is 


Bais wecck covet + 
Ott) =e ls feo d= di) 


and the new charge operator is 
Be BBS 
O(t,) =ae Be con Di 38) 


By their action on one of the two corresponding Fock- 
bases, one can see that the following relation holds 


between these two operators: 


Q(t,) = Q(t,) + (M- N). 


This gives therefore a rigorous adequate treat- 


ment for the phenomenon of isolated particles complete 
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absorption or emission by the external field which is 
discussed, for example, by A.I. Akhiezer and V.B. 


Berestetsky [1953]. 


Ts) It is easy to see that the results obtained 
apply also to the case of one operator variable 


transformations like 


B(y) = faam, (7,0) b (a) + faam, (y,a)b* (a) : 


In terms of smeared operators defined similarly as 
in the case discussed here, this transformation reduces 


to 


Bo = 5b Me Ly ips ons oM 


and an ordinary Bogoliubov transformation between the 

F - , : 
other Buen s and Duen s. The unitary operator relating 
them has the form T = TOY where To is the usual one 
for the "weak" transformation and 


U = fexp-iMn J bib }(bi-b,)...(b}-b,) (by-b,) 
n=l 
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113) We finally remark that the case of a system of 
bosons is different since then N and M are always zero. 
The particles are always created and annihilated in 
pairs (and thus the total charge conserved for chargec. 
bosons). This is not so here, when N # M, even though 
this could seem to hold in all cases due to the aspect 
of formal algebraic relations between the field opera- 
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CHAPTER IV 


SOLUTION OF SOME TIME DEPENDENT EXTERNAL FIELD PROBLEMS 


Introduction 


in, the, firstssection.of.this chapter, we examine 
the simple problem where a free Dirac field is disturbed 
by a pulse of electromagnetic field. The time depen- 
dence of the potential will be considered to be a Dirac 
6-function. We will see that such a system can be 
described by a free field which has a simple discontin- 
uity at the time of the interaction. Such a model has 
not been studied before even though it leads one to 
consider what is probably the simplest form of Bogoliubov 
transformation on a field operator. 

We obtain the necessary and sufficient conditions 
that¥ehespokentialamust satisfy in order for the final 
field to, describe. satisfactorily the particles...The 
condition on the electric potential is not too restric- 
tive but we find that no magnetic field is possible. 
We..will-also.prove.that ,.«for.suchsa.system,.the.total 
charge is conserved. 

In the second section, we examine a system where 
the external field is suddenly "switched on" to A (x) 
at some time and kept constant to this value after this 


time. The potential will then have the form O(t-t )A(x). 
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This problem also has not been studied before. 

We will see however that the Bogoliubov trans- 
formations to be examined are the same as those obtained 
in certain treatments of the time independent problem 
(oy"H Eb eMoses® [P9537 ,701954),7 K.0. Friedrichs [1953], 
P.J.M. Rongaartes tl gz201% for example). These transfor- 
mations have already been mentioned in Chapter I; they 
correspond to the following requirements. (As Moses and 
Friedrichs). One requires the unitary equivalence of 
the two sets of creation and annihilation operators 
associated with UPN with the help of the two sets of 
functions defined respectively by the spectrum of h 
and of Ao: (As Bongaarts) One demands the existence 
of a unitary evolution operator for the field vy in the 
Fock-Hilbert space associated with the creation and 
annihilation operators defined by integrating ba with 
the "free" functions AG 

These transformations are given much importance 
also by the fact that their unitary implementability 
appears, in the general time dependent problem, as a 
necessary condition for the satisfactory description 
of physical particles. This was mentioned in Chapter 
II (part on the S-matrix of section 2)) in connection 
iha 


with the transformation e on a free field where "a 


is an arbitrary parameter. 
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We will prove the following crucial results 
concerning the two transformations mentioned above. 

At any fixed time, any one of the two is Wit cCar Ly 

implementable if and only if the other one is also 

unitarily implementable. Furthermore, if they are 

unitarily implementable at any one given time, they 
will be unitarily implementable at all times. 

Some of the implications of this have been 
discussed in the second section of Chapter I where 
this result has been mentioned already. Probably 
the most important one of them is that whenever a 
unitary evolution operator for the field exists, there 
exists also a well defined generator of the time tran- 
slations which always has the physically expected form 
of the sum over the energies of all individual Darticles, 

We then discuss the possibility of non-conser- 
vation of the Charge. This possibility of individual 
particles creation or annihilation had been mentioned 
previously, for example, by A.I. Akhiezer and V.S. 
Berestetsky [1953] in their discussion of the properties 
of the eigenvalues of h as functions of the depth of 
the potential. By using the results which we have 
obtained (in Chapter III) on the properties of strong 
Bogoliubov transformations, we obtain here the new 
result that such a "phenomenon" is quite rigorously 


described within the external field formalism. 
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We next show how all the information about the 
physical system is obtained from the formalism. We 
will calculate as an example the probability amplitude 
that there be finally an electron in a given state 
when initially there was only a free electron in the 
system. We also discuss the possibility of defining 
isometric operators relating the two energy operators 
Hn and Hea which are defined on the same space. 

In the final part of this section, we review 
briefly the known results concerning the conditions 
on A (x) for the relevant Bogoliubov transformations to 
be unitarily implementable. We then derive a different 
conditions than that, oL Bongaarts [1970], which was the 
best one up to now. Although our conditions are some- 
what comparable to his in that they still do not allow 
for any magnetic field, they are more Simply derived. 

We also obtain similar conditions in the case 
of a Dirac field coupled to a pseudo-vector field. 
There are, to our knowledge, no previous results for 
this problem. 

In the third section, we study a family of more 
complicated models for which the time dependence of 
the potential is approximated by finite series of step 
functions. We prove that the requirement that either 


there exists a unitary evolution operator or that 


ty = 
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physical particles are satisfactorily described can 
be satisfied if and only if each potential of the 
series satisfies the conditions of the previous 
model. That is: if and only if each potential allows 
for a satisfactory treatment when used in the "one 
step function” problem. 

We then discuss the limiting case of the above 
systems when the number of steps becomes arbitrarily 
large over a finite time interval. We show that the 
previous results can thus be generalized to include 
arbitrary piecewise continuous time dependences. This 
follows from the fact that in the Many step functions 
case, all our proofs are independent of the number of 
steps and of the lengths of the time intervals. 

This is an important result since it shows 
clearly that the way the external field varies in time 
is not really so crucial but it is much more its 
Spatial properties which will determine whether or 
not the system can be satisfactorily described. 

We finally note that the conditions we obtain 
on A(t,x) are more=-general* than those of R. Seiler 
[1972]. He gives the sufficient conditions: A, (t,x) 
is a test function in A (t,x) and A(t,x) = 0. These, 
we believe, were the only previous results concerning 


such time dependent problems. 















a + SS i: 7 
iso bedizoasb yittosostelsse eis esloiszéq Ispieydq 


Pa . ; = » « _ =% ‘$4 i | 4 ; 
edt to Istanetoq dose 25 vino bas Ii Bettatisa od 
; - i ' aol 7 


wolis Isttnésoq doss 2k YFnO bas Ti sak 3ecdT .isbom |) 
F 


exe sa 
. ‘ . ‘ = s 
ni boau aerw #homiseus yrotosiaisjsa 6 rot 


« yk A J A oi ) ag 


wods ett to eeso paizimil ent esuceid asaz ow 


* 


viizysitidis semocved aqste to asdma edt nedw emeteya ~~ 
oo 7 F fe 7 
it tsdt+ wode 6W .isviesat emis etinii 5 15vo0 eprst i: 


sbulonk ot besilstzenep ed eudt aso etivess agoiveig 


one 2 Oh 
eitfiT .asonebaeqeb emis evoumTrstn0o saiweosig yisatidis | 









: a . T 
tonwt qese yosm ett at ted $oe% of3 mort ewollort 


7 
i. ; : 5 a uf ri Re 
SScuns sy 3n35 0 JesSvriscge Ite ein &@ 200 aa e | Iwo iis ‘ S259 . 
. aan 


; f 9 Un 
.elsvietnt emit edt to adgpnel siz to bas sail ie 


ewode ti sonte tivest taustxogmi ms ef eint 


a? : ‘ $e * . nik : St). eek 
emis al eolisv Dleri {[satesKS: ong yaw eft 3jsd3 yirssio 








Y ‘ 
¥ Ak 


a Lakous tio p2 yiisex ton ‘ei 





asi stom doum eit ti & 





u 
20 terjedw ehimreteb itiw ‘Hokew aenraran tetteae + 





ey fe 


bjeblectrons: inea,PotentialwaA (t,x) = A(x) 6 (t) 





i) The differential equation of motion is 
(—iy.o + m)p(x) = ey.A(x)d(t)p(x) . (lee) 


For all t< 0, the term on the right hand side 
of this equation is null; y is therefore a free field. 


BYSCCEENTtC1OMN,, 1b, 1S vs, (*) we. 


(t,x) = V5, ft) Matec Olt Giz2)) 


similarly, tos all t > 0snthe- external field-is 
not acting on the quantized field which again is free 


and is w (x) "ave. 


out 


p (t,x) = y (t,x) wet ES Ours Gls) 


out 


We note that at t = 0 the field is not defined 
yet; all we™know Erom (il42)/ and?¥(d+3)* is that there’ is 
a discontinuity in the field at this time. (Otherwise 


v 


and there is no interaction). 


out (97%) = V5 607%) which implies Vout (*) = v5 (%) 


From the Kallen-Yang-Feldman equations corres- 


ponding to (1.1), one gets 


Vout (07%) Van (01x) + [8 (0-¥, x-y)ey Aly) 6 (Yo) ¥ (Yo r¥) dyay, 


out 


Ven (Ore) + iey°y.A(x)y(O,x) . (Yea) 
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One can see that Veh e depends very much on what is 
taken tor (0 ,x) . 


ee p (0,x) is taken to be v5, (0x) (or w RO xi; 


out 
one gets what could be called a late (or early) inter- 
action since this means that at time zeroithe field is 


SER? Vin (Or already Pout? For late interaction, 
eae 

Due Or = UP oearey y-A(x) ]p, (0,x) (ee) 

and for early interaction 


1 
kin iey°y.A(x)] 





(Ges = WxNL0,x) (1.6) 


Vout 
We will show later that these two solutions have to be 
rejected if one wants the interaction process to be 
unitary. 


Let us consider the field 


V(X) = Vien Ge) + (EV oug (X) - vy Ge]. ED 


tt satisfies the previously mentioned conditions (1.2) 


and (1.3) and has a"simple jump" at t = 0. One has 
S(t) p(x) = O(t) p(x) F: 6 (t)6(t) [yoy (x) = v5, {*)] ; 


the term 6(t)6(t) is undetermined since the function 
Q(t) is not defined at t = 0. We then consider for the 


moment the general form: 
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6(E)y (x) = 6 (tps (x) + a6 (t) Io () - vy, GO) (1.8) 


where qa is a completely arbitrary real number (i.e. 

we take @(t=0) = a). One can see that this solution 

(32.19) ticontains»(1).'5)i iand; (136) zasaparticularn cases. 
Upon replacing the field (1.7) in equation 


(1.1) (or equivalently in equation (1.4)), one gets 
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the field (1.7) is a solution of the field equation. 


We note that 


[ (l-iewA, (x)) - ieay°y.A(x)] 


1 
[l-ieay°y.A(x)]  [1- 2ieaA, (x) - e%a7A (x) .A(x) ] 





and this term is always well defined. 


Ls) We will show in this section that requiring 
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relations, which is necessary for them to be unitarily 


related, leads to a particular value of a which is 
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The free fields yp (x)m and Vin (*) satisfy the 


Out 


same free Dirac equation so that they will have the 

Same anticommutation relations for arbitrary space time 
points if and only if they have the same anticommutation 
relations at equal times. We then require that their 

t = 0 anticommutation relations be the same. 


For vi, (%), we have 


(YET (Ox), YEP (Ox) T} = 6 6(x-x") « also) 


rom the equation (1-5)¥-one/ knows that 


yo" (0,x) = M(x) y"™(0,x) (1.11) 


where M(x) is a 4x 4 matrix. Therefore, 


Wege Or) HOP" (0, x0 M(x)" (4) ] ee re 


so that 


M(x)M" (x) = I = MT (x)M(x) (1.13) 


LS neededwin torder storms (lsl2) tovbe sequal, tor G..10}. 


In the present case, 


[1 + ie (1-0) y°y.A(x)] 





M(x) = (1.14) 


=e 


[1 = ieay~y A(x) 


using the property [ey°y.A(x)]" = [ey°y.A(x)], Lids 
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This will be equal to 1 if and only if a = =. 


Therefore a necessary condition to have Pout 


unitarily related to Vin is that ~(0,x) be taken as 
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decomposition 
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where w and v are such that 


[y°w (p)-y.p-m] w (p) = 0 and [y°w (p)-y.ptm] v(p) ed ee 


We shall need also the Fourier transform of M(x) 


defined as 


(9) 


The final free field has a similar decomposition 
as (1.18) in terms of the final creation and annihila- 
tion operators for the particles. These can then be 


obtained from Pout (97) as 
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Using the relation (1.11) between Varo) and Wi lOrx), 
the decomposition (1.18) and the definition (1.19), one 


obtains the following Bogoliubov transformation: 
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As seen in Chapter III on Bogoliubov transforma- 
tions, there will exist an S-matrix relating the "out" 
Fock basis to the "in" Fock basis or, equivalently, 


(1.21) will be unitarily implementable, if and only if 
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-ieA (x) 





2 
[l - ieA, (x) ~ ne A(x) .A(x) ] 


The condition (1.22a) can then be written as 
1 ak 
fap dk 40 (p)w (ky) Trace[y.c (k+p) ] [y.k+m] x 


x [y.c(ktp)]ly.p-m] < ©. 


The trace is easily calculated by using the properties 


of the y matrices and one obtains 


dp dk . i ‘ ' ee 
|opeyatey! @-8*) 0.804 0.84) (p.8)- (kp) (#6) -m (ceo) lees 


hegdisy) 


where we have used c for C(p+k). 

The integrand in (1.25) is always positive, as 
is obvious from the left hand side of (1.23). It must 
therefone go to Zero at infinity. in-any direction of 
the six-dimensional space (p,k) ee 2) SO abe 
Satisfied. However, upon evaluating its limit, for 
any constant (p+k) = a, aS pyr € (kj) > -e~); ¢€ being 


VE om "lo Ohee Obtaimes tat! dt(ebes| to 


2|¢, (a) |* * 2(&3 (a) |? i 


The integral can then be finite only if C. (a) and Cc, (a) 


are null forpali “a" © Gallculating similarly the limit 


o8t 
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of the integrand as Py > € ©, one obtains that cy (a) 
must also be null for all pret re Since C (a) is the 
Fourier transform of C(x), one must then have c(x) = 0 
for all Ae 6Frome che Cerigicion of C(x), one can see 


Clea taciioe 1S. SO. li gandsonly, 16 A(x) = 0° for all x. 


The only case to be considered now is then 


(Se 5 A (x) 
Mx) (=e 4(x)< = z ~ A (1.26) 
Li D. A, (x) 
This can be written as 
Cy (x) =a F (x) 
with 
ieA, (x) 
F(x) = ————————_ (e277) 
e 
1b SS ab A, (x) 
so that 
GMOS Bem Garo (ater (kjus 


Both cond#tions (1222) in this case can be seen to 
reduce to 


dp dk one 2 
latetarey (ow lp) + pek- m7] |Fipte) |? < ©. (1.28) 


Upon changing the variables of integration to 
1 
q= z (itp) = Zlkp) 
condition (1.28) can be written as 


‘ 3 m- + 27 a q? 
fag|# (2q) | fax[a = w (hq) o (=a) < ow i (14.29.) 
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The £ integration can be performed explicitly; after some 
manipulations, with the help of standard tables of inte- 
grals, one obtains that the above condition is 


Arion 
5 Te. <a OO GLe30)) 
LA ae 6 | 


edi 


1 
72 


fagl# 2g) |? Iqlu(@ P ( 


where Bou is an associate Legendre polynomial. It has 
2 


the following property: 





and (1.30) is certainly satisfied if 


fag}a]?/7|# iq |? -o. (2231) 


This shows that (1.30) is not a too strong condition on 


F(q). Furthermore, since 
Be i 
gn > ear ’ 
eA (x) 2 
Orc 


A, (x) could have a very bad behaviour as a function of 
x while (1.30) could be satisfied. For example, if 

at some point x, A (x) rSoinfinite, B(x) = =2. In 
fact; F (x) is always bounded; whatever AG (x), we have 


|F (x) |? = 4. 
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iv) We now prove that, for the system considered, 
no isolated particles can be created with certainty; 
the Bogoliubov transformation (1.21) is a "weak" one 
and the total charge is conserved. 
This is shown by proving that there are no 

non-trivial solutions y and 9 to the equations 

3 z Tee coraS 7) la i 
a2) pity) wit) pole P elo) yi) 0) gk 


(27) 
Gis2) 


2 %5 + 
ae 1 | m G ait Ss 

dp } (>) v'(p) ¢o(p-k)v" (k)¢(p,r)=0 * k,s. 

Ciao) 


Onen can seertiatev is a’ solution of (1.32) if 


and only if there exists a non-zero function a(k,s) 


such that 
t | Seas r ¢ me foes 
Sar dbs) aCe N-DhWotD)V (pr) (ra) av stake kya) 
(21) 3/2 a Taal Ce a4 x s=] Ww k) ~ ~ 
(134) 
since the 4-vectors w” and ve, s = 1,2, form a basis in 


pt, Let us denote as ¥(k) the right hand side of (1.34). 


Since it is a property of the 4-vectors v> that 


= OSes , we have 





2 
Jax ¥(k)! yO¥ (k) = ax et Ey) [a(kes) |* . (i535) 
oa Nes a i‘ Ete others . 
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Using now the left hand side of equation (1.34) 


together with the property 





1 2 i ry 
eae Jax Conse BG ikoE) a= S(Bep!) ee alas 
TT 


which follows from aminre Ni) = 1, the following is 
obtained: 
iz 2 


fax voc} vv uc) = fap eer y (a) ¥" (per) b (pyr! )w™ (p)x 
me : ~ rel rt=1 ¥'p) i i 


Since the 4-vectors w’ have the property 


w" (p)" yOw™ | (p) = 6 


~ 


rr' v 


Jax ¥ (k)" y°¥ (x) = fap J tap lve? ‘ (1537) 
Clearly, (1.37) is compatible with (1.35) if and only 
ss Y(p,r) = 0 = a(k,s) since one is always negative 
while the other is always positive. The only possible 
solution to equation (1532) is then wv -= 10, 

We can show, in a similar manner, that the only 
possible solution to equation (1.33) is ¢ = 0. We 


thus obtain the announced result. 
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2) Electrons in a Potential A Cosa = A(x) 6 (t-t.) 
ee Beare OM 


The equation of motion is 


edt Sass eh» m)p(t,x) = 8 (t-t )ey.A(x)p (t,x) ‘ (ou) 


We see that ¥ t < toe mie SOLUCION Of (2.1) 1s the free 
field vi, (*)- For times t >to the field must satisfy 


the equation 
(—iy.d+ m)p (t,x) = ey.A(x)p(t,x) . (2.2) 


vy (x) will denote the fields satisfying this equation. 
One can see by integrating (2.1) about tor thats, 

as a distribution, the field must be continuous in t 

at time to: We then have Vn determined by the initial 


condition 
vy (to 7x) == van (tx) 


and the differential equation (2.1) is equivalent to 


the relations 
(t,x) =U, (t,x) vtst 


~ih(t-t)) 
WV, (tx) =e Vinttgrx) ¥t2t 


where h = y° (iy. 3+m) - ey°y.A(x) : 
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The c-number operator eile 


(ey Morar 


is unitary on 


a As we have seen in the Chapters 
f ana IT, v(t;x) iS then at -alltimesva "wel Iwderined 
operator valued distribution in (noe acting on the 


Fock-Hilbert space An of the free field y,.. 


All the previous detailed general discussion 


of Chapter II can be applied here upon using-u (tye) 
~ih(t-t)) “ih. (t,-t") 
e e £Or t>ty, the to: The time 
at which the potential is "switched on" (which was te 
in Chapter II) is here to: 
We recall that there will exist a state |o5> 


consisting of zero final particles if and only if the 


following Bogoliubov transformation is unitarily 


implementable. 
-ih(t-t_) -ih(t-t_) 
a> Oo Oo 1n oO Oo 
aig eras EygPp (to)+(£, re £" 3)” 
+ 
FL ig 
x de (Eo) eel 
-ih(t-t_) -ih(t-t_) 
ck = i OF -O in fe) 
ee oe fg), Cee atone fo 3)* 
anc eee (2.4) 
B oO e e 


This is the transformation corresponding to (2.13) in 
Chapter Ii. We remark’ that,! after to the vacuum will 


be here time independent exactly as the initial vacuum 
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|[O> was Up®to “time t,: This is due to the fact that the 
external field does not Change after to: 

It is easy to see that examining the existence 
of a unitary operator U(t,t') relating the field opera-~ 
tors at any two times t and t', reduces here to examin- 
ing the existence of U(t,t) E£OEuvany time tt to: The 
Bogoliubov transformation to be studied in this case 


is the one corresponding to (3.4) of GHapter “11, i.e, 


=—ihn(t—-t_) : -ih(t-t_) 
oO i) re) O° 0 in Oo O26 
able) Altay nt Epglba (t )+(£p re £i_)* 
ye) 2 
x d (to) i 
=ihte=t Yr) : -ih(t-t_) 
O Tee O O° .O leg) oO O 
dé (t) =P fig)be (ty )+(£0 ye £" ,)* 
. da tee (2.5) 


As we have seen in Chapter iff, the, conditions 


under which .(2.4) cis unitarily implementable are 


~ih(t-t.) 


LEI Eyyre toa) efor (2.6) 


< © e (257) 


For the transformation (2.95) , these. sare 
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The transformation (CASS) Re aigale a 0, is exactly 
the same as (2.19) of Chapter I. In this last case, 
this was the transformation to be studied if one required 
that there exist a unitary evolution Operator on the 
Fock-Hilbert space associated with the solution of the 
time independent problem exactly as if it were a free 
field. The conditions (2.8) and (2.9) were examined 
by P.J.M. Bongaarts [1970] in this context. 

The conditions (2.6) and (2.7)eare the~same) as 
those examined by H.E. Moses bL953 15° =| 2954) vandek.Os 
Friedrichs [1953]. In their treatment of the time 
independent problem, a transformation like (275) was 
to be studied if one required the following. The two sets 
of creation and annihilation operators defined Lespec- 
tively with {f, (x), £_,(x)} and oes both have a 


vacuum state in the same space; 


PrOGr OLstne Equivalence of all the Physical Requirements 


We now show that, at any fixed time t # tor the 
conditions (2.8) and (2.9) are satisfied if and OnLy sas 
thesconditions (2.6).and (2.7). are satisfied. Further- 
more , «ith. \(2. 6) -and (287 lor “(2...8) and (2.9) hold at any 
one time t # tor they will also hold for all times t. 

We remark that the proof will be completely in- 


dependent of the type of interaction and is valid for 
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any problem where a self-adjoint c-number energy opera- 


tor h, exists. 


i) We first show that for any given time t # tee the 
Condve1onss (276) sande(2.7) imply"(2.8). and (2.9). 


Since {£3 and {f£_,} fFOrmM la basis vin (oes we 


have 
S ~ih(t-t.) = S ~ih(t-t)) 
(f,7e Sos (Frat) £4) (Eye fig) 
5 ~ih(t-t.) 

+ (Exar £_,) (£_,,e fig) (250) 

Defining 
Pa 21% 

loyal | = (22196 } ’ 
and using the inequality 

Iloag + agll < lleygll + Hlecgll 


we see that if the norms of the two terms on the right 
hand side of (2.10) are finite, the right hand side of 
(25150) will have a finite norm. 


Upon using the general property 
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which holds by hypothesis. Since 
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the case where also 
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The Energy Operator 
It will be useful here for Clarity not, to use 


the wave packet notation. We will call f(x) and 


ft (x) the eigenfunctions of h defined by 
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tinuous spectrum of h; -E'« S(-), the negative part 
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of the spectrum S of h and Ee S\(—)) the complement of 
S(-). Corresponding to these, creation and annihila- 


tion operators are defined as 
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new vacuum |o,> defined by the oy and d, is consequently 
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He fax b'(E)b(E) + jaz’ d' (B')a(E") (Oran) 


is well defined with a dense domain ind... 

Since (2.8) and (2.9) are equivalent to (2.6) 
and (2.7), there exists a unitary evolution operator 
for the field if and only if H is well defined. It 


then always has the form 


-iH(t-t_) 
U(t,t.) =e a BEEPS 


where H is as given by (2.31). 


We remark that all the general results of Bongaarts 
[1970] have been obtained here in a much Simpler fashion. 
Furthermore, whereas he demonstrated only the existence 
of H, we have gotten here its explicit form. It always 
has the physically expected form of the sum of individual 
particles energies which was proposed by K.O. Friedrichs 
PLoS 

We finally point out that the domains D(H) and 
D(H.) of H and Hy Wil be, in general, different Js9_m 
particular, the initial vacuum |0> will not necessarily 
be in D(H). This can easily be seen as follows: if 
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superposition of initial Fock basis states where all 
"coefficients" are square integrable so that in parti- 


cular we must have |<o|H|o>|? < ©, Here, however, using 
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(2.31) and the expression (2.4) corresponding to b(E) 


and a" (E'), we find 
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Requiring that this be finite is therefore more res- 
trictive than simply asking (2.6) and (2.7) which are 
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On Charge Conservation and Individual Particles Creation 


i) As we saw, in the chapter on general Bogoliubov 
transformations, the total charge is not necessarily 
conserved in transformations as (2.4) and (2.5). “in 
fact, after time tor the charge operator for physical 


particles is 
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where N and M are respectively the number and non-zero 
solutions to the equation 
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Since petnt, ce maps the sets {f,.J and Utes 


onto themselves in a one to one fashion, N and M are 
time independent. The equations (2.35) and (2.36) are 


always equivalent to 
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=-(p°, [ho |po) + (Wo, [-ey°y.a]lwo) . (2041) 
Uponeusings(2 .39) sand 
(he; |b |voMeceem(ye wo), 


we see that 


Gib Aaa he es a (2.42) 


However, from the right hand side of (2.40), since by 
definition the fae contain only non-negative eigen- 


values of h, we should have 
Cesar So oe (2.43) 


TALS iS in contradiction with (2.42) so that equation 
(2.40) cannot hold and M must be null. There can 
however be solutions to equation (2.35) in general. 
The number N of these solutions is the number of 
positrons created with certainty when the system is 
in the state |0>. Since M = 0, there is however no 


certain creation of electrons in this state. 


oa) An example of this is discussed by A.I. Akhiezer 
and V.B. Berestetsky [1953]. They consider the follow- 


ing spherically symmetric potential: 
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= 0 Mee Sar s 
oO 


This potential clearly satisfies condition (2.9 )n 

They solve for the c-number solutions f(x) and 
fae (x) and find the following. When Vo is smaller 
than a certain value, there is no bound state and the 
energy spectrum is the same as for free particles. 
As ee is increased, bound electron states i.e. levels 
with energies 0 < ES < m start appearing and the energy 
of any given level decreases as the depth of the poten- 
tial is increased. Eventually, for vs greater than a 
certain value, the bound states energies will become 
negative. If the potential strength is further increased, 
there will be a point at which the levels will reach the 
continuum of negative energies. 

AS soon as an electron energy level becomes nega- 
tive, the state must be considered a positron state 
just as all other negative energy levels since other- 
wise the total energy operator for the system would 
not be non-negative definite as it should. If for 
example, we consider for simplicity only one such bound 


electron state of energy -E, we would have 
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We see that bald? is an eigenstate with energy -E< 0 
so that H is not non-negative definite. 

A free electron energy level is associated with 
the wave function 

~ih.t a 
¥(t,x) =e ee i ae 
ie g 8 +B ~ 

We have seen that the c-number evolution Operator for 
the system considered here is 


~ih(t-t.) ~ih, (t.-t') 
PmGte th.) gS e EOLe tac> to andgt ‘< to: 


The above wave function for times t >to then becomes 


~ih(t-t)) ~ihot, é 
¥(t,x) =e e ; apt ig ; 


If equation (2.37) has N non-zero solutions {og}, 
there will exist N non-zero {ag} given by 


8 B +B x 8 B 


6 <= 
suchs that ¥ (t,x) cat. cimes t>t, will contain only nega- 
tive energy eigenfunctions of h (i.e. be a linear super- 


position of the f_, only). In this sense, we see that 


r 
N simply correspond to the number of free electron 

energy levels which, under the "switching on" of the 
potential Va at time tor are transformed into purely 


negative energy levels. 
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iv) Let us now examine what happens with "weak" 
external fields; by "weak", we mean fields which 


satisfy the condition 


| (reyy-Ay) | < (We[holvy) * yp #0 (2.44) 
where [h, | = re). This condition, we note, can be 


used (see for example the Chapters V and VI of T. Kato 
[1966]) to ensure that the c-number operator h = 5 
ey°y.A is essentially self-adjoint with nice domain 
properties with respect to ho: It is shown in the 
above reference that this condition gives, for example, 
the restriction 4 < 87 for the Coulomb potential Ze/r. 


Under this condition, equation (2.40) could not 


hold since from its left hand side 
(rh yo) = -(wo,[ho[w®) - (o,eyy.ay?) 


s -(Y2,[no1¥2) + | Wo,ey?y. aye) | 


and by (2.44) this is <0 which, as before, contradicts 
the inequality (2.43) obtained from its right hand 
Side. There are then no non-zero solutions to equa- 
tion (2.38). In a similar manner as above, it is easy 
to show also that there will not be any non-zero solu- 


tion to (2.37). The condition (2.44) therefore ensures 
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that the field is too weak to create with certainty 
any individual electron or positron. There is only 


normal pair creation of electrons and positrons. 


v) The lepton number (or pseudo-charge) operator 


associated with the pseudo-particles is 


Op = nO Neem S =oNo (2045) 


.@) 


N° and M° are respectively the number of non-zero solu- 


tions, at time t, to the equation 


i ~ih(t-t.) 3 
} (f) re Eigld, = 0 a (2.46) 
and to 
a =Tht-t~) 
= A Zia] 
} (f7,7e fi g)Y, 0 * q ( ) 
Since here 
~ih(t-t.) iH(t-t)) ~iH(t-t.) 
= Yin fort) =e Vin (to x)e a 
we have 
LH (t=t.) .. -iH(t-t_) 
b° (t) =e © b(t Je c 
a oF Oo 
LH (cHt) ) -iH(t-t_) 
a°(t) =e Pate ye - (2.48) 
o} or} re) 
Sso-thatein fact 
2H (t=-t_) -iH(t-t_) 
Q°(t) =e wife] etear Pare. (2.49) 
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Using equation (2.34) and the fact that {0,H]=0 , we 
obtain [Q._-H] = 0 so that 


Oo _ 
Ont) = Fee “eb. (2i 50) 


This implies that we always have M° = n°? 


and the pseudo- 
particles will then always be created or annihilated by 
pairs. 

In the case of "weak" external fields, we will 
always have 0 = M? = Ny as is shown below. If there 
exists tog} # {0} satisfying equation (2.46), there 


exists Lae) # {0} such that 
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by condition (2.44). Upon using the right hand side of 


equation (2.51) however, we must have 


(6°, O°) = -(42,[h 162) - (62, ey°y.a4°) 


lA 


- (2, [ho 162) + | (¢2,ey°y.ae?) | 


again by condition (2.44). We see that the equation 
(2.51) is then not compatible with the "weak" field 
condition i.e. equation (2.46) cannot have any non-zero 


solution. 


Description of Scattering (S-matrix) 


Let us now go back to the more explicit notation 
where, when h defines a good scattering system, the 
meaning of the general indices E and E' is 


(x) } 


fg) Se CIO Ae oy 


{£, (x)}= Sea (ahaa . (2.52) 


As we have seen in the Chapters I and II, the 
operators be (p) and d_(p) defined by equation (2.28) 
correspond to the particles in the external field which 


after a long time will be moving freely, i.e. 
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out 


Ape syatysy dev (p) = do(p) (2.53) 


Ss 


The operatorsb(E) and d(E') are the bound particles 
annihilation operators and the energy operator can be 


Written as 


2 
H= fap J wp) tot(pyp,ip) + at (pa, (p)} 


s=l 
+ JEb"(E)b(E) + J EB! atce'yacesy , (2.54) 
E Ee 
i) Initially, we know that there are only free par- 


ticles in the system; let us suppose then that the 
system is in the state where there are n particles and 
m antiparticles respectively characterized by the wave 
packet indices (ay Qor-+-a) and (By ,Bo,---8,) present 
before time to: This state of the system is represented 


by 
. oe + oe + 
sae Ra kod) SF dyes) 22 eb™" (a) Sen allel ae 
aiN(s ) [o> (2.55) 
7 , . 


(We note that the time used for the operators b(t) 
i Hf 
and d™"(t) does not matter since if different times 


are used, the resulting difference in the above vector 
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is only a phase so that the same physical state is 
represented. That is so because a physical state is 
in fact represented by a ray in { and not by a vector. 
We will then use here t = 0.) 

For all times before tor there are these same 
n freely moving particles and m free antiparticles 
in the system. 

In order to see what the situation is at times 
€ after time tor we Simply rewrite the state (2.55) 
in terms of the new particle variables. We use the 
inverse of the transformation (2.4) to write the 
operators bi? gin in terms of b(t), d(t) and also 
write |0> in terms of new Fock basis states for the 
particles. Equivalently, we can calculate all proba- 


bility amplitudes that the system be in the configuration 


represented by any state of the type 


lo'nr 1 B 


- ’ 
—n! Ey (ig ’ =p! 


These are states where at time t >t, there are n' 
scattering particles characterized by the wave packet 
indices (oti) moving in the potential A(x), & bound 
particles occupying the energy levels E,rE5,---Eo and 
m' scattering antiparticles and 2' pound antiparticles. 


This probability amplitude is simply 


' ° t A 
Pane Be Ee a, Pa Boow. (2.56) 
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These amplitudes for all n, m and ns wi eimls. 2° 
are in fact just the elements of the unitary transfor- 
mation relating the free particle Fock basis and the 
Fock basis obtained from the application of b! (t) and 
at (t).on |o,>- This unitary operator is simply rela- 
ted to the one implementing the Bogoliubov transforma- 
tion (2.4), the general form of which was given in 
Chapter III. Since b(t = 0) and d(t = 0) are the final 
operators for the particles, as seen in Chapter I, this 
unitary operator with the parameter t = 0 is the field 
theoretical S matrix (if this is defined as the opera- 
tor relating all final states to all initial states). 

It is important to remark that even when bound 
states are possible the unitary operator relating the 
two sets of creation and annihilation operators pee cae 
and b, d can exist. In fact, this operator would exist 
even when the spectra of ho and h are not "similar" 

(in the sense that h defines a good scattering system; 
this case is considered more explicitly because of its 
importance). Its existence is simply linked to that 
of a well defined second quantized energy operator H 
and the fact that physical particles (i.e. quanta of 


energy) can be appropriately described after time to: 
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ii) We calculate, as an example, the probability 
amplitude for the following interesting phenomenon. 
There is finally in the system only a bound electron 
with energy E when initially there was only one freely 


moving electron. The state of the system is 


|a;0> = 


a being the wave packet index of the initial free 
electron. The probability amplitude we want is given 


by 
pig 
Bs Oto n0 = <¢,|b(E) by | Ooiame 


Using the inverse of the relation (2.4), we obtain 


iht, -ihjt. 
' ‘ = 
<E;0[0,0> (£2 7e e ey) 002 
iht, -ih,t. , 
v 
* tee e oon) a GMs 


This is generally non-zero if there is no certain 
Sts SoH of particles and antiparticles ( <o, | 0> and 
'c<E;\|0> are non-zero) so that the binding of a free 
electron can be rigorously described. 

It is interesting to note that ‘the first term 
of this expression gives the contribution to the pro- 
cess which would be obtained from ordinary c-number 


quantum mechanics i.e. one particle theory where the 
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possibility of creation and annihilation of particles 
would not be considered. It would be Simply the pro- 
bability amplitude that the initial electron becomes 
bound. 

From this point of view, the second term would 
be interpreted as giving the probability amplitude 
that: an electron in the state E and a positron in an 
arbitrary state characterized by \ are created (28 Oe) 
the positron annihilates with the initial electron which 
under the influence of the external field has "dropped" 
to the state described by the wave function fy (according 
to the probability amplitude 
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When there is no certain creation nor annihila- 
tion of particles, there are generally two such contri-— 
butions to the single particle "scattering" probabilities 
between any two states when the potential is time depen- 
dent. The ordinary quantum mechanical interpretation of 
the Dirac equation as a single particle equation will 
then give correct results only insofar as there is no 
certain creation or annihilation of particles and the 


second "process" described above can be neglected. 


Bip Mu) In c-number scattering theory, isometric (unitary 
when there are no bound states) operators 2 are defined 


such that h is associated with a good scattering system 
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when 


This is what is meant by h is “similar™ to ho: Here, 
in the second quantized theory, as is obvious from the 
equation (2.54) giving the form of the Borel e orien Hy 
there is the same kind of Similarity between the spec- 


trum of H and that of the initial free field Hamiltonian 


2 wae peek 
ioe Jap 2, tbsp) be tp) + aap) alPipy) 


The two operators have the same continuous spectrum. 

This similarity can here also be expressed by 
the existence of an isometric Operator which, whenever 
|¢,> exists can be defined as 
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Wert) cis) 1 


n=0 m=0 
Ynim! 





Japs, dgt., IPs rat.>' <ps rgt| (2.57) 
It has the properties: 


(21.58) 


ae D b' (E)b(E) + be a’ (E')a(E") 


is the projection operator on the subspace of states in 


which there are bound particles. We have 
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bo(p) W=WbIM(p) ice, pe" (p) W = W bi" (p) 

d.(p) W=W tee) do" (p) w= Ww a2” (p) (2.59) 
b(E) W = 0 

d(E') w= 0 (2.60) 


and consequently, it relates H and Hen as 


H W = W H. : (2.61) 


If there are no bound states after tor W is 
unitary and as we can see from (2,59), at is then the 
adjoint of the unitary operator implementing the 
Bogoliubov transformation (2.4) (i.e. W = ay 

When bound states are possible, W relates only 
final scattering particles to the initial scattering 
particles creation and annihilation operator so in this 
sense it also could be called a "scattering" operator. 
We remark that there are many isometric operators with 
the property (2.59); others than W can be obtained for 
example by using states Ips. Eigt,, Eto! where there 
are % bound electrons and &%' positrons instead of only 
scattering particles as with lps iqt,>'- However, re- 
quiring the property (2.58) or (2.60) or (2.61) defines 


W uniquely. 
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Fields Which Satisfy the Existence Conditions 


We now give examples of external electromagnetic 
fields which satisfy the conditions (2.6) and (2) Or 


Wao and) ( 249)" 


i) Moses [1954] and Friedrichs [1953] have studied 
in particular good scattering systems where there are 
no bound states. Using a perturbation expansion for 


ches bunctions fey = f° they examined the conditions 


anaes 
Vero) andm(2e/)e "In the first approximation, they have 
Shown that no external magnetic field A (x) could satisfy 
them and that for |A, (p) | (where A, (p) is the Fourier 
transform of A, (x)) bounded and integrable they would 
be satisfied. From this, they deduce that (2.6) and 
(2.7) will be satisfied with all orders of the pertur- 
bation series for A (x) = 0 and A, (x) sufficiently weak. 
Bongaarts [1970] gives the following example of 
external electromagnetic field which satisfies the con- 
GPE Lons: C216) andi. 9)., 
A(x) = © 
A, (x) is a bounded ue function whose Fourier transform 
A. (p) is continuous except possibly at p = 0 and has 


the following behaviour at 0, ~: there exist positive 


numbers Cyr Cor Ejr Ens Oo, N¥sucn that 
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~ i ; 
|A, (P) | < ¢,(p| for 0 < |p| < 6 
. ~(S/2te,) 
|A, (P) | < c5|P| for [P| SaN % (2s @2)) 
a7.) We will derive here the following sufficient 


conditions on external electromagnetic fields to ensure 


that the conditions (2.6) and (2.7) are satisfied: 
ms). =n0 
fax Sie = 
pe Ome 

oe 2 

Japiel? 27/a,(p)|? < © 
, Z 2 

(or equivalently fax e [dA, (x) ] < jo) =, (2463) 


Our derivation does not use perturbation series and is 
much simpler than that of Bongaarts while yielding more 
elegant results. 


We examine the inequalities: 


2 
I yy 1829) | < © (2.64) 
and 
2 
PI (ff) | < © (2.65) 


which we have already shown to be equivalent to (2.6) 
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Trace Bis pe < © (2.66) 


re is the projection operator on 


the space of functions associated with the non-negative 


where P, = L £..) (£ 


spectrum of h and P° = J £3) (a projects on the 

B 
space of functions associated with the negative spectrum 
of ho: These operators can be written in terms of un- 


normalizable eigenfunctions (of h or ho) as 


2 
s} ‘ Cll: oO fe) 
One ie faz f,)(f, and Pl = Jap ay EL y) tf 


7P_7S (-,p,s) 


Using these forms the condition (2.64) or (2.66) can be 


written as 


faz fap} 


s=l 


Scien eee 2 
| Jax v'(p) e eA OS) pie (2.67) 


where v> (p) is the usual Spinor such that 


(y°u (p) - Y-P + m)v~ (p) = 0 
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We ete that even if the functions used are not normal- 
izable, the above manipulations are rigorous. This 

can be seen by using any wave packet made up of these 
functions; equation (2.68) then has the meaning of an 
equality between two distributions in p and E over the 
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space of Te functions of p and E. Let us now take 
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A(x) = 0; we have again: 
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This replaced in equation (2.68) gives: 
Ss eS BCs 
Cave (Oo) ee f(x) 


l ne ees O 22 
= satel vapeur ite, y+ [8A, (x) ]+e7A2 (x) FE, (x) 
[E+w (p)]* Sthe gi ? z 


Veg /2)) 


Since always 


gees ee) oe eee 
[E+w(p)1* ~ fw (p) 1? 


and 


Jan| fax g(x) *£, 60) |° = fax g” (x) 9 (x)-ax"| [ax g* (x) Eaux) |? 


< [ax Giz) 9 Go)ae, 


upon using these inequalities with (2.71), we obtain 
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and the condition A(x) = 0 together with (2.73) again 


ensures that itis finite. 


RS) The above method allows us also to obtain some 
results for the case of Dirac particles interacting 


with an external pseudo-vector field as 
(-iy.d + m)p(x) = -iG Yo¥-O(x) p(x) . 


We note that no results were given previously for this 
case. Taking again ¢(x) = O(t-t )o(x), this problem 
can be treated exactly as for the previous system with 
now 
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h = hy LG Y Y5¥-o (x) ‘ (2.574) 


For the conditions (2.6) and (2.7), we derive 


as before; 
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2 3 iG oO O 
(-,p,s)'*p) = Tetw(p)T “F(-,p,s)/¥ Ys¥- ots) 
and taking $(x) = 0, 


=e O 
= TEto (p)T (f (~1p,s) 115% ofR) ‘ (2/5) 


We now repeat a calculation similar to that done in 
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We note that the key to the successful applica- 
tion of the above proof resides in the fact that h = 
Ay “1 YOM (x) and M (x) is such that the commutator 
[y°M (x) ,ho] does not contain any derivative term. 

It can be checked that the most general 4x 4 matrix 
M (x) which has this property is of the form M(x) = 
a, (x) ¥° + nee In particular, with the magnetic 


potential, M(x) = ey.A(x) and 


O aia : : 
[ey y-A(x) AO] = amy ,A, + LY, Y; (9,A3) + 21 (¥, 7; )A; 9, : 
C2eniy) 


A term like CY, ¥4 IA; 9, appearing on the right hand side 
of equation (2.70) becomes (Y,¥;)A PL and we can see 
that we then run into trouble with the integration fap 
in equation (2.72). Terms in p* in the numerator will 
prevent the convergence of the p-integral so that an 


alternate proof must be found. 
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3) Potential with Many woLeDekhunceLons in Time, and 
Continuous Time Dependence 


Sequence of Step Functions in Time 


i) Let us start by considering the following ex- 
ternal field: A (t,x) = 8 (t)-t)6 (t-t )A(x), t,> to: 

The external field is null before ty and is null again 
after ti: The solution of the field equation is there- 
fore the free field Pan before tor the field bar which 
satisfies equation (2.2), for Ce ta ty and again a free 


field: are after t,- As in the first case discussed, 


the solution must be continuous so that 


W (t,x) = v5. (t,x) es AS 
~ih(t-t)) 
= Wy (t,x) =e bs (tor) toss 
Pee t= t..) 
Bete eee Wht, Ox) 
=Th (t-te ie £1) 
=e ~ e sO Van (tox) ces to ; 
(3%) 


Since the system up to time t, must behave 
exactly as in the previous problem, we just have to 
examine the time interval t>t). There is then no 


external field so that the functions to be used in 
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associating physical particles with the field are simply 
those associated with the positive and negative parts 

of the spectrum of ho: This means that, now, the par- 
ticles creation and annihilation operators op Meat ti), 

d. (t > t,) and their adjoints are the same as the 

1 Aine ace date >t) and their adjoints. These create 
and annihilate the physical particles which one would 
observe after time ti. There is now just one Bogoliubov 
transformation to be examined instead of two (as pre- 
viously the equations (2.4) and (2.5)); here in terms 

of initial free particles operators we have: 


)x 


eae) Ex fe) oO in fe) ro) 
oo 5) ipl eels sop Cate ta) Ye Cho malt pe it ate) te, 
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x qd, (to) } 


Oo 


in fe) fo) 
+9) (to) + (fo yeult, to) £_ aie 


L se) ‘tos oO 
Go (PF EIA AEE 9 whe Gay 
in a 
x di, (t,) } (3723) 


-ih_ (t-t,) -ih(t,-t_) 
where u(t,t) =e 7 _ e tac : 


There will be a unique vacuum state in W& defined 
by these ,.operators if and only if 


~ih, (t-t,) ~ih(t,-t,) 
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~ih, (t-t,) 
Since e ¥ t maps the set of functions fue) 


and if: 4 back onto themselves in a one to one fashion, 


the above conditions are equivalent to 


~ih(t,-t_) 
MN Meret = = ie fave < © 
eB 
-ih(t,-t_) 
) bhit 2° t (as ole (3.3) 
Q 


These are exactly the conditions (2.8) and C22 9)erat 
Ll: These were shown to hold for all times if they 
were satisfied at any time t # to SOpunat sit (2..0)..and 


(2.9) were satisfied (3.3) will be satisfied and vice 


versa. 
We define the operators be (p) and a (p) as 
1 1 ce La 1 2 bie 
bo(pit > t,) = be (p) e 
l l “lw (p)t 
do(pit > t,) = d. (p) e A 


1 are the annihilation 


In the present problem, oe and d 
operators for the freely moving particles after time 


ti i.e. 


The energy operator for t>t, is 
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The time translation operator Ge ter Ore te ty 


anom ce te is simply 


ee) : Prout 
tne  (tl—t*)) -1H(t.—t ) -if (t=t.)) 

UlCeat! ) see e e ano e : oo (3 54:) 
Since 

=I Dye 2 =La(py to 
pert (pe SUN(tyel bi (p)e err cer es) 

= Tas )itG Sei bay ek 
Sieaiples 2 =Ute,qjatpjel-h “I-2y(t,t') , 


the S-matrix is 


oi ieee 2S) gaa 
S.= U(0,0).-=-e e ete 4 (3.5) 
Having 
“oft 1H(tj)-t)) foe ~iH(t,-t,) 


H =e H e F 


(3.4) and (3.5) can be rewritten as 


-iH*™ (t-t') aa ta te) SiH (eee 
Chl tae) ei 8 e e 


eee lea F 
1H (t-t)) ~iH(t,-t.) 
S=e e P 


is) Let us now consider cases where the external 
field changes in time according to a sequence of N step 


functions: 
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A (t,x) = 0 ma JS Sona 
= A; (x) Ca t. BEM prose ON 
= Avy] (KX) ¥t> ty (o6) 


As in the previous examples, the field operator solu- 


tion ~for ny Sretees cs is simply 
SLCC te, = th oe Cone cee) 
teil ewe J a 5 SLR es Eas ee ee 
pit Gent lee si (t =-t") 
ee eee eo 0 Vc ns) 


where ae is defined as 


raph Ts eee 
fa = ho ey tie ales ‘ (3.8) 


We are going to show that 
(t,x) = ute t oy eax) (3519) 


is unitarily implementable for all t> Ls Lf and: only 

Pica hh Wl are such that the conditions (2.8) and (2.9) 
are satisfied. Since these were shown to be equivalent 
to (2.6) and (2.7) there will then exist also well 


defined energy operators i of the form 


H= | dE E bJ(E)tbI (z) + | dE' E' aJ(e'ytgi (gry 


(3.10) 
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where sph! is the negative part of the spectrum of he 
and Bye) its complement. 
Let us firstly examine the case ty Site S ti 


(3/99 }e ice then simply 
“ih, (t-t)) 

y(t,x) =e Yin 'to-X) (Seid!) 
and we have already shown that this is unitarily imple- 
mentable if and only if hy is such that (2.6) and 2a) 
are satisfied and that there exists an energy operator 


Hy of the form (3.10). We have 


Set lie a 
y(t,x) = Uj, (t tO) Yin (tg x) Uy (t t,) (312) 
where 
~1H A t= ) 
» 1 Oo 
U, (t-t.) = @e E 
Let us now consider th Seo toi 
-ih., (t-t.) -ih (t-—t. ) 
W(t;x) = ots * | Oo ge Ee os Abo Repay 


Using (3.12) this is equivalent to 


4 ~ih, (t-t)) 


We then see that (3.13) is unitarily implementable if 
and only if (3.14) is. As before, this is so if and 


Only. Lt h, is such that (2.6) and (2.7) are satisfied. 
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There will then exist a unitary operator 


-iH. (t-t.) 
— a 2 ip 
U5 (t-t,) =e 
Such ‘that 
~ih, (t-t,) 2 & ~ 
e Win (EqeX) = Up lt-t1)v i (tox) U5 (tat,) ; 


H, PS,0f thejrormg(3.10). The credtion and annihilation 
operators reereonee a-(e}eand their adjoints are also 
related to ngs Ih, dane) according to equation (2.4). 
That is H, is the Hamiltoniafi définédsimUthe fifcst 


problem when A(x) is A, (x). We have 


meres J Flared 7 Z 2 
W(t,x) =U, (t, Coy U ate EU (EG x) US (t t,)0,(t)-t) . 
C3725) 


There is no difficulty, in extending this to any 
number of steps. By induction, using the same argument 
as used in going from equation (SoS ic Oe (Salo) eee 
thus prove the required result. We obtain that the 


unitary operator implementing (3.9) is simply, for 
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Hy is the energy operator as defined in section 2) 
WitheAts) a= Ay (x). Inmparticular, if A, (x) = 0 
for some 2, H, = Hitee: 

The energy operator a for times ete <u < t. 
is the generator of time translations such that 
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The energy operator Hs will then have the form (S510) 
In fact, the particles creation and annihilation oper- 


ators bJ and dJ at time Bape are given by 


Shey ch aes ee 53 
bI (E)e epg eee (u)U Ces ft.) 


: SEE A r 
dJ(E')e Jrey= U' (te =,t JOrME VU (Cee te) = 9) (4 ono) 
Joka @ ith Ge} 


Tf An4y (*) ¥ 0, the field theoretical S-matrix, 
relating the operations bJ, dJ to the initial operators 
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, is made up of the unitary transformation 
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Potentials with Continuous Time Dependence 


Let us now consider an external field of the form 


ACE as) = 0 ies BS ns 
p oo 
e L (torte,) to Ree t, (IGS Gpa< . 3) 
= A(t, ,x) ee te (3.22) 


where A(t,X) « Ls bee ied means that for all te (t,t) 
t 
| dt" [aX (e',x) |? 
te 


oO 


It is known (see for example T. Kato [1966]: example 
1.13) that any such function of time can be approximated 
as closely as one wants, by a finite series of step 
functions in time (i.e. like those discussed in the 
preceding section). 

Let us then divide the time interval (torte) 
in N equal sub-intervals At = (t--t.) /N and call 
Uy (t,t) the c-number unitary operator defined as in 


equation (3.7) in which we take 
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We will suppose that A(t,x) is such that the following 
limit defining the c-number unitary operator u(t,t.) 


exists: 


lim Uy (t,t )= u(t,t.) (3.24) 


Noo 


We now want to see what is implied when, ¥ t 
such that to Sete te, the conditions (2.6) and (2.7) 


are satrstted=tve! when 
Trace P, (t) P-~ << @ 


Trace P_(t) P° < « un ‘to: (3.25) 


Pi(t), P_(t) are the projection Operators on the func- 

tions corresponding respectively to non-negative and 

negative eigenvalues of h(t) = ho- ey°yA (t,x). 
Whatever N the conditions C276 apm 2 ony) Wie 


obviously be satisfied » ts i.e. we have 


Trace Se po < © 


7 ae ¥,! Pew th, (3.26) 


J 
trace, P- PL ; 


As was shown in the previous section ii), the Bogoliubov 


transformation corresponding to 


W(t,x) = uy (t,to)v,. (tyrx) (3.27) 


piiwolloi 


© 


. 
r)s 


a ‘~~ 


aria 


XOJAISCGO 


~ ~ * 
isiiw 


JYsds dove et 


eaiiqms 


P > ) EMoO£S 


¢(3.S) 


Svs sw 


visij ing 


~~ } he Aus 
\£ J6mW 


re 
thaos 
e. 


2103 AxeqoO noisostoxg ais O18 {t) & (3) 9 


enoitibaos eds u sevetendw Ae: 


.o.£ 


(x,t) A tect seogque fliw ow 


xedmun-9 eft pnintieb timil—~ 


¥.t)u = o? g mit 
(3, J ig mit y! 
we A ; 
292 oF Jnsaw won sW 


fiosqeet pnibnogesTi10o enoit 


(st) a to asulsvnepte svisspon_- 
>) 


. { : Ta y 
;? * betteitse ed ylavotvdo 














{ 


Of. 


t} 
fv 
iY 
v 
i 


ted dove 


nedw .S8.4 beittettse sexs: 
a 


~~ 


235 


will then be unitarily implementable at all times 
whatever N. In particular, when N becomes very large, 


(3.27) becomes (by hypothesis) 
W(t,x) = ult,to)vz, (t,x) (me) 


so that this should be unitarily implementable for all 
times when (3.25) is satisfied. 

Conversely, if (3.28) is assumed unitarily im- 
plementable (by an operator U(t,t.)) for all times 


te a ee ee then 


£V 


p (t-dt,x) = u(t-dt,t. dp. (t 5.x) (Sno) 


is unitarily implementable (by U(t-dt,t.)). Since by 


definition 
u(t,t.)i= STE E)or eedtytayey (34307 
one has 
iT “s 
Ui (erty in (tg XU (ty ty) = ult, tova (ty rx) 


=e ESE (eat, to) 05 (ty rx) 


6 Chihitjdtive pa bs. 
=e U (t-dt to) v5 (t5,x)U(t-dt,t,) . 


Therefore 


Sune ya a Es ‘i 
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the transformation e th (t)dt 


on Yin (toeX) must then 
be unitarily implementable. From section 2), we know 
that this is true if and only if h(t) is such that 
the conditions (2.6) and (2.7) hold. Since «(3 531) 
must be true for all t, (2.6) and (2.7) must hold for 
aki tinGiee. 163.25): must hold) and then a well defined 
energy operator of the usual form must exist at all 
times. 

We thus obtain that when the external field 


A(t,x) is such that a c-number unitary operator can 


be defined by equation (3524 dys 


w (t,x) = ult, tows, (tox) 


is unitarily implementable for all t > to if and only 
Lf for al¥ €97"h (ty) Sts *steh ehat CONCLELrONS (2 ,6)t, tes) 
are satisfied. There will then exist also, at all 


times, a well defined energy operator H(t) of the form 


ee dE E b(E,t)' b(E,t) + | dE'E' a(E',t)'a(B",t). 
S,(-) S,(-) 

spells is the negative part of the Spectrum of h(t) and 

S,(-) its complement. 


This is the same property as the one demonstrated 
in the previous section with a finite sequence of step 


functions in time. 
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Although a more detailed proof than the one we 
gave above could be desirable, the important results 
obtained are certainly expected to be true due to the 
following facts. In the case of the sequence of step 
functions, the results are completely independent of 
the number (N) and lengths of the time intervals. In 
section 2), we have proved that the conditions (2.6), 
(2.7) (and (2.8), (2.9)) also are independent of the 
length of the time intervals "a" # 0 appearing in oe 

The results obtained in this section confirm 
the great importance of the conditions (226) earic (21 7)) 
fOr Chesequivalent (2°8)rand (2.9)). ‘These now appear 
as really crucial for having a satisfactory physical 
interpretation of the present formalism. 

The most urgent problem to be resolved at the 
moment is whether or not these conditions can be 
Satisfied with magnetic potentials. We recall that 
in the case of the potential 6 (t)A(x), we were able 
to prove explicitly that no magnetic fields were 
allowed. This however was a very particular example; 
in the general case, no such negative answer has been 
obtained even though, up to now, nobody has been able 
to obtain any magnetic potential with which (2.6) and 


(2.7) are satisfied. 


F . . iy; at - 7 
. ape » \oe i 
ves _ Le ee 
| Taal 
cs 1 nn) : Oe 
sw so edd nadt toorq belisieb sxoMmt 6 eevontstA \* vr ae 
atiueox jnstx0qmt edt ,esidsxiasb ed’ bivoo ‘evods ‘svep 
eit ot sub evxt od oF besivigite yinistieo e1s benistdo | 
qete Io sonsupse edt 30 s@so oft at e082 priwollor a 
re 


to tasbneqebai ylestelqmoo ers etivest off \eneisonyt 
cI .elsvretnl emis end to ecidyael base (n) sedmin ont ra 
, (9.8) enotsibaoo off ters bevorg oved ow, (s noitoee a . 
eis ta taebnegqebaki sts oeis ((@ <8) (8.8) Bas) (TVS)" AY 
a ple paliseqgs 0 & "Be alaviesal omit eng to ittpnes ‘ 
miitinoo noissese eidt ai bentssdo etlves1 aT — 
(T.&) Bas (8.8) enoisibaas sit to sorts txogmd as abe a 
tseqqs won sasdiT .((@.S) Bas (8.8) jasleviups eit x0) 
fsolaydg yxotosieisse 6 priived soi [sivuro ylisex a6 a 
-meitsarot jnsasxg sit to nolisteuqretat 7 
efit 36 bevioas1 sd of metdorg tnopzu Jeom edt T - 
od aso. anoitibnoo seers tom 10 xeddsriw et daamom 
_) tsd3 Liscer oW -alsistnetog vitenpam, ditw boiteitsa = 
sids sxsw ow v(x) ACS) 0 Isisiesogq eit to aa69 od\at-” : 


pet ‘ay baa eb sit aa over 


Pyieher chee ares ae 








238 


It would certainly be worthwhile also to try 
and get better estimates on A, (x). It is reasonable 
to expect that, in the final version of the external 
field theory, there should be almost no restrictions 
on the potentials. The only restrictions should come 
from the usual c-number requirements (like demanding 
that A is such that h(t) is self-adjoint and u(t,t') 
exists for example) just as in the treatment of systems 


with time independent potentials. 
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